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METHOD OF NUMERICAL ANALYSIS OF THE PROBLEM OF MASS
TRANSFER OF A CYLINDRICAL BODY WITH THE UNIFORM
TRANSLATIONAL FLOW

Context. The problem of mass transfer of a cylindrical body with a uniform translational flow of a viscous incompressible fluid is
examined in the paper.

Objective. The purpose of this work is to develop a new method for numerical analysis of the problem of mass transfer of a cylindrical
body with a uniform translational flow, which based on the joint application of the R-functions structural method and the Galerkin
projection method.

Method. In general case, the problem of stationary mass transfer of a cylindrical body with a viscous incompressible fluid flow is reduced
to the solution of the equation of hydrodynamic flow passing a surface and an equation for concentration with corresponding boundary
conditions on the surface of the body and far away from it. The geometry of the area, and also the boundary conditions (including the
condition at infinity) may be taken into account precisely by using the constructive apparatus of the R-functions theory by V. L. Rvachev,
the Academician of Ukrainian National Academy of Sciences. In this study, a complete structure of the solution of a linear boundary value
problem for the concentration that exactly satisfies the boundary conditions on the boundary and condition at infinity is constructed on the
basis of the R-functions theory methods, and this made it possible to lead the tasks in the infinite domain to tasks in the finite domain. To
solve the linear problem for concentration the numerical algorithm on the basis of Galerkin method is developed.

Results. The computational experiment for the problem of the flow past circular and elliptical cylinders at various Reynolds and Peclet
numbers was carried out.

Conclusions. The conducted experiments have confirmed the efficiency of the proposed method of numerical analysis of the problem
of mass transfer of a cylindrical body with a uniform translational flow, based on the joint application of the R-functions structural method
and Galerkin projection method. The prospects for the further research may be to use the developed method for the implementation of
iterative methods for solving the task of nonlinear mass transfer, semi-discrete and projection methods for solving the non-stationary
tasks, as well as in solving the tasks of optimal management of relevant technological processes.

Keywords: flow task, stationary flow, viscous fluid, stream function, mass transfer, concentration function, R-functions method,
Galerkin method.

NOMENCLATURE I, @, z — variables of the cylindrical coordinate system;
Re — Reynolds number;
Uy — the solutions of auxiliary problems with
homogeneous boundary conditions;

c=c(r,p) — a function of concentration;
Co — the constant concentration given on the boundary
0Q of a streamlined body;

U, - rturbed fluid velocity at infinity;
0Q — the boundary of a streamlined body; w — unperturbed fluid velocity at Infinity

| =1,2 — the number of equation: v =Re! — the coefficient of viscosity;
=1, ;

n — the external normal to 9Q ;
Pe — Peclet number; of equation Ay = (0 with respect to the exterior of a cylinder
of finite radius;

{pk (r,@)} — a complete system of particular solutions
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{tj(r.¢)} — a complete system of particular solutions
of equation Au = ( relative to domain {w(r,p)<M};

{0j(r,p)} — a sequence of functions that is complete
with respect to the whole plane;

@, ®, — undefined components of the solution
structure;

v = y(r,e) — the stream function;

o — a sufficiently smooth function built by using the
constructive apparatus of the R-functions theory and
describing the geometry of the domain Q;

o =0 — a normalized equation of 9QQ;

Q — the flow domain;

Q, — the bounded domain {0 < w(r,9)<My}.
INTRODUCTION

The problems of calculating viscous flows, which are
complicated by mass transfer, are widely used in heat power
engineering, chemical and food technologies, geo- and
astrophysical studies, and environmental protection. Many
processes of chemical technology are associated with fluid
movement in process equipment. In the preparation of
reagents and in the isolation of reaction products, such
operations as leaching, absorption, extraction and distillation
play an important role. The laws of hydrodynamics, heat
and mass transfer are essential for the entire technological
process. Processes of heat and mass transfer are also ones
of the most important in the energy sector, as well as in a
number of the technological processes in the metallurgical
and other industries. In addition, the problems of mass
transfer of bodies with a uniform viscous flow underlie the
calculation of many technological processes, which are
associated with dissolution, extraction, evaporation,
precipitation of colloids, etc. Therefore, the development of
new, as well as the improvement of existing methods of
mathematical modeling and numerical analysis of external
stationary problems of hydrodynamics of a viscous
incompressible fluid, which take into consideration the mass
transfer, is an actual scientific issue.

The object of this study is the stationary hydrodynamic
process of flow past bodies by a viscous incompressible
fluid, complicated by mass transfer and described by a
system of equations with respect to the stream function
and concentration.

The subject of this study is a mathematical model of the
stationary task of flow past body by a viscous
incompressible fluid with allowance for mass transfer, and a
method for its numerical analysis.

The purpose of the work is to develop a new method for
mathematical modeling of the mass transfer of a cylindrical
body with a uniform translational flow which based on the
R-functions method and Galerkin method.

1 PROBLEM STATEMENT

At small Peclet numbers, to describe the mass transfer
process the Oseen approximation (equation 1) is used [1]:

@_sin(p@]

Ac =PeU | cos
or r oo

in Q. 1)

In the general case, the mass transfer process is
described by the equation for the concentration
(equation 2) in the form [1, 2]:

ac=Pe[dw e oy
r \dp or or op) M€ @
16( ac) 1 o
In equations (1) and 2) AC=——|F— |+ ———.
ror\_ or) 2 3(P2

Equations (1) and (2) in a rectangular coordinate system
have the following form:

ac
AC =PeU _, — i
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where Ac:ﬂ-yﬁ.
o2 oy?

Equations (1) and (2) should be supplemented by the
boundary condition on §Q) and the condition at infinity [1]:

c oQ = CO > (5)
lim ¢=0. (©6)
r—-+o0

The stream function y(r, @) can be found, for example,

as the solution of the following nonlinear task of flow past
a cylindrical body by a viscous incompressible fluid [3-6]:

2. 1oy d(Ay) 1 0y o(Ay)

VATY = —— ——— inQ, (7
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where Ay =——| Ir— |+ ———=, Ay = A(Avy).
v rar( 6rj r? o> v =AAY)

The task (1), (5), (6) does not depend on the stream
function y(r,¢), and the solution of the task (2), (5), (6)
consists of two steps:

a) the search of the stream function as a solution of the
task (7)—(9);

b) the solution of the task for concentration.

2 REVIEW OF THE LITERATURE

Various tasks which are arising in the study of external
viscous fluid flows can be investigated theoretically or by
means of physical experiment. At present, mathematical
modeling and computational experiment are increasingly
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being used in the study of hydrodynamic problems.
Basically, finite difference method, finite element method,
boundary integral element method and others are used for
the numerical analysis of such problems. These methods
are easy to implement, but do not have the necessary
property of universality: when moving to a new area
(especially non-classical geometry), it is necessary to
generate a new grid, and often to replace complex sections
of the boundary with simple ones, composed of, for example,
straight line segments. The use of the R-functions structural-
variational method [7, 8] by V. L. Rvacheyv, the Academician
of Ukrainian National Academy of Sciences, is an alternative
to the existing methods of numerical computation of
hydrodynamic problems.

The R-functions method in computational
hydrodynamics was applied in [9-14]. The task of viscous
fluid external flow around bodies of revolution in a spherical
coordinate system, which is complicated by mass transfer,
was solved in [15, 16] with using the R-functions method.

In this study, we propose to apply the R-functions and
Galerkin method for mathematical modeling the problem of
mass transfer of a cylindrical body with a uniform
translational flow.

3 MATERIALS AND METHODS

The method for solving the task for the stream function,
based on the application of R-functions, successive
approximations and Galerkin method, is described in [17,

18]. Substituting the stream function y(r,®) so obtained

into equation (2), let us solve the problems (1), (5), (6) and
(2), (5), (6) by the R-functions method. To do this, using the
constructive means of the R-functions theory [7, 8] let us
construct the structure of the boundary value task solution,
i.e. the functions bundle that exactly satisfies the boundary
condition and the condition at infinity.

Let us consider a sufficiently smooth function [19]

(10)
1, X>M (M =const > 0).

The function (10) fy; (X) € C*[0,+%0) and satisfies the
conditions:

a) fy (0)=0:b) fyy (0)=1;
¢) f ()20 vx=0;d) fy(x)=1 ¥x>M.
Let us denote wyy = fp; (®), then

a(DM

3) =-1;4) oy =L,if oy =M.

LIRS

In the problems (3), (5), (6), and (4)—(6) we make the
replacement

c=co(l-op)+uy.
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The choice of such a substitution is due to the fact that
the function Cy(1—wy, ) satisfies the boundary condition
(5) and the condition at infinity (6).

Then for uy, 1 =1,2, we obtain the tasks
—-Au; +Bjuy =F in Q, (11)
Ul = 0, (12)
lim u; =0, (13)
r—+0
where
au ou ou
Bl =PeUOO—1, 82 = Pe 5_“/_2_0_\41_2 s
OX oy ox ox oy
oco1-ow))

F = Alco(1- —PpeU,, O —EMJ,
1 =Alco(1-my ))-PeU,, Y

F2 =A(C0(1—(DM ))_

_pd 2w o -om)) dy Aeg-om))).
OX OX oy

Note that Fj =0, | =1,2, in the domain {&(X,y)>M}.

Let us find the generalized solution u of tasks (11)—(13)
as the limit, when n — oo, of solutions U, of equations (11),
which are considered in a sequence of domains {€,}, that
is a monotonic exhaustion of an infinite area (.

In domains €2, we will consider the boundary value
tasks

—Aup | + B,um =F in Qp, (14

Un, 0, (15)

o0

where functions Up| are continued by zero outside of Q.

An approximate solution of tasks (14) — (15) for each
n=12,..
be sought in the form:

according to the Bubnov-Galerkin method, will

N
UniN = 2 Cnlj®j. (16)
j=1

The numbers Cp) j, j=1,..,N , are found from the

system of linear algebraic equations

N

Y cnni{ldj. 01+ (K000 =(F.¢), (17

i=1
where

izl,_Ns |:1729
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Qn
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To construct the coordinate sequence, the complete
system of particular solutions of the Laplace equation [20]
and the R-functions method [7, 8] will be used.
We have proved that for any choice of sufficiently

smooth functions @, ®, and at the requirement that
®; > 0 as r — +oo a function of the form

U=y CDI + oM (I—O)M )CDz

exactly satisfies the boundary conditions (12) and (13), that
is, it is the structure of the solution of the boundary value
problem (11)—(13).

Approximations of the functions ®; u @, in the domain

€, will be seek in the form

m, m,
Q=Y ag-ox> Pr=D Bj1js
k=1 =1

coshn
where {wk(r,@)}:{r‘” , (p,n=1,2,..},
sin N

k
{tj(r,o)}= {l, pk CO P 1,2,..}.
sin ke

Then the sequence of functions ,which is complete with
relatively to the whole plane, has the form:

{9i(r,0)} ={onm (I, O)o (1, 0),

op (FLe)A-opy (1)t (r,e)} . (18)

The values of the coefficients o (k =1,2,...,m;) and

B j (J=12,...,m,) in accordance with the Bubnov-Galerkin
method will be found from the condition of residual
orthogonality to the first N (N =m; +m,) elements of the
sequence (18), which leads to a system of linear algebraic

equations in the form (17).
We have proved the convergence of the Galerkin

approximations Up | N ofthe form (16) at N — o0, M|, — o0
in the energy norm to the unique generalized solutions of
tasks (11)—(13).

4 EXPERIMENTS

A computational experiment was carried out for the tasks

of flow past a circular cylinder x? + y2 =1 and an elliptical

2 2
cylinder T+T:1 at Cy =1, M =5, 10, m1=10,

m, =11 and at various Reynolds and Peclet numbers. The
double integrals in the systems for determination Cp |, j were

taken approximately by the Gauss formula with 50 nodes for
each variable.

S RESULTS
The concentration lines for a circular cylinder are shown

in Fig. 1-3. Fig. 4-6 show the concentration lines for elliptical
cylinder.

Figure 1 — The concentration lines for a circular cylinder

at M =5 and Pe=0,01

Figure 2 — The concentration lines for a circular cylinder at Pe =10:

a— Re=0,b-Re=5,c- Re=15
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Figure 3 — The concentration lines for a circular cylinder at Pe = 20:

a— Re=0,b-Re=5,c- Re=15

Figure 4 — The concentration lines for elliptical cylinder

at M =5 and Pe=0,01

1

6 DISCUSSION

At small Reynolds and Peclet numbers the substance is
transported uniformly, dissolving into the liquid. As the
Reynolds and Peclet numbers increase, the particles of
substance begin to move with the flow. These results are
consistent with the physics of the process. The efficiency
of the proposed method for a spherical coordinate system
was verified on the problem of flow past a sphere [13], for
which an exact solution is known [20].

CONCLUSIONS

The numerical method for calculating the mass transfer
of a cylindrical body with a uniform translational flow, which
based on the joint application of the R-functions method
and Galerkin method, is proposed for the first time in this

Figure 5 — The concentration lines for elliptical cylinder at Pe =10 :
a— Re=5,b— Re=15,c- Re=30
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Figure 6 — The concentration lines for elliptical cylinder at Pe = 20:
a—- Re=5,b-Re=15,c- Re=30

study. By using the R-functions method the structure of the
solution of the problems of flow past bodies with allowance
for mass transfer, which precisely satisfying the boundary
condition on the boundary and the condition at infinity, was
constructed, and this made it possible to lead tasks in the
infinite domain to tasks in the finite domain. To approximate
the uncertain components of the solution structure, the
Galerkin method was applied. The stationary problem of flow
past a cylindrical body in a cylindrical coordinate system for
a circular and elliptical cylinders has been solved numerically
for various Reynolds and Peclet numbers.
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METOJ YACEJBbHOI'O AHAJII3Y 3AJAYI MACOOBMIHY HUWJITHAPUYHOI'O TUIA 3 PIBHOMIPHUM NOCTYIIAJIb-
HUM IIOTOKOM

AKTyaJbHIiCTb. Y CTaTTi pO3NIAAETHCA 3aja4a MaCOOOMIHY LIMIIIHAPUYHOIO Tia 3 pIBHOMIPHUM HOCTYNAILHUM IIOTOKOM B’S13KO1 HECTHC-
JIMBOI P1TUHA.

MeTta po6oTH — po3poOKa HOBOrO METOAy YHCEIbHOrO aHali3y 3ajaui MacooOMiHy LMIIHAPHYHOIO Tilla 3 PIBHOMIPHUM HOCTYNAaIbHUM
IIOTOKOM, 3aCHOBAHOIO HA CYMICHOMY 3aCTOCYBaHHI CTPYKTypHOro merony R-dyHxuii i npoekuiiinoro merony I'anbopkiHa.

Metoa. Y 3arajibHOMY BUIAJKy 3aj7ada PO CTalliOHApHMH MacOOOMIH LMIIHAPHYHOIO TilIa 3 IOTOKOM B’SA3KOI HECTHCIMBOI piIUMHU
3BOJUTHCS 10 PO3B’sI3aHHS PIBHAHHS TIPOJMHAMIYHOTO OOTIKaHHS ITIOBEPXHI 1 pIBHAHHS JJIsl KOHIIEHTPALT 3 BIATIOBITHUMY KPalHOBUMU YMOBaMHU
Ha IIOBEpPXHI Tia i gaseko Big Hboro. TOUHO BpaxyBaTH I€OMETPIil0 00NacTi, a TAKOXK KpaiioBi yMOBH (B T.4. 1 yMOBY Ha HECKIHYEHHOCTI), MOXHa,
CKOPHCTaBIINCh KOHCTPYKTUBHMM amapartoM Teopii R ¢ynxuiit akan. HAH Vkpaiuu B. JI. PBauoBa. B po0ori Ha ocHOBi MeroniB Teopii
R-¢bynkuii nobynoBaHa noBHa CTpyKTypa po3B’s3Ky JiHiiiHOT KpaiioBoi 3a1a4i 1151 KOHLIEHTpALlil, sIKa TOYHO 33/10BOJIbHSE KPallOBUM YMOBaM Ha
MEXI TiJIa 1 YMOBI Ha HECKIHUEHHOCTI, 110 JIO3BOJIMJIO 3BECTH 3a/1a4i B HECKIHYEHHII 00J1acTi 10 3a1a4 B CKIHYEHHIN obnacTi. [{yist po3B’si3aHHs
JiHiAHOT 3a1a4i U1 KOHLEHTpaLlii po3po0IeHO YHCENbHUI aITOpUTM Ha OCHOBI MeTony I'anbopkiHa.

Pe3yabTaTn. O6unCIIOBaIbHUI €KCIIEPUMEHT NPOBEACHMI JUIsl 3a]1a4i 00TIKaHHS KPYroBOro i eMiNTHYHOrO LMIHAPIB AJIs PI3HUX YMCE
Peitnonbaca i Ilekue.

BucnoBku. IIpoBeneHi eKClIepUMEHTH MiNTBEPIMIH NIPALe3JaTHICTh 3aIIPOIOHOBAHOIO METONY YHCEIBbHOrO aHajli3y 3amadi MacoOOMiHYy
LUUTHIPUYHOTO Tilla 3 PIBHOMIPHUM MOCTYMAIBHUM ITOTOKOM, 3aCHOBAHOTO HA CyMICHOMY BHKOPHCTaHHI CTPYKTYpHOro MeTony R-byHkmiil i
npoekiiitaoro Merony I'ampopkina. IlepcreKTHBY IOAANBIINX HOCTIKEHh MOXYTH IIOJSTaTH y BHKOPHCTaHHI PO3POOIEHOr0 METONy IpH
peaizamii iTepaliifHuX METOIIB PO3B’sI3aHHS 3a/a4i HETIHIHHOrO MacoOOMiHY, MOJTYIICKPETHHX 1 MPOEKIIHHUX METOMIB PO3B’sI3aHHS HECTalli-
OHAPHHX 3a]1a4, a TAKOX IIPU PO3B’I3aHHI 33124 ONTUMAJIBFHOTO YIPABJIiHHS BiAIOBIIHIMH TEXHOJIOTIYHUMH IPOLIECAMH.

Karwuosi ciaoBa: 3amaua oO0TiKaHHS, CcTallioOHapHA Tedis, B’s3Ka piguHa, QYHKIS Tedil, MacoOOMiH, (yHKIIS KOHIEHTPAIIl, METO
R-bynkuiit, meron ["anpopkiHa.

JlamrioroBa C. H.!, Cunopos M. B.2, Cutnukosa 0. B.3

'Kanu. ¢pu3.-Mat. HayK, TOUEHT Kaeaphl BHICIIEH MATEMATHKH XapbKOBCKOTO HAIIMOHAIBHOTO YHUBEPCHTETA TOPOJCKOTO XO3HCTBA HMEHN
A. H. bekeroBa, XapbkoB, Ykpanna

*Kanj. (pus.-Mar. HayK, JIOLEHT, JOLEHT Kadeaphl IPHUKIIAIHON MaTEMATHKN XapbKOBCKOIO HAIIMOHAILHOTO YHHBEPCUTETA PAIHOIIEKTPOHH-
KM, XapbKoB, YKpanHa

SKang. mes. HayK, ZOUEHT Kadeapsl BhICIIEH MaTeMaTHKH XapbKOBCKOTO HAIIMOHAJILHOTO YHUBEPCHTETA TOPOICKOIO X03siicTBa nMeHn A. H.
bexeroBa, XappkoB, YkpanHa

METO/J UYNCJEHHOI'O AHAJIM3A 3AJJAYN MACCOOBMEHA HUJINMHAPUYECKOI'O TEJA C PABHOMEPHBIM I10-
CTYIHATEJBbHBIM IOTOKOM

AKTyaJIbHOCTb. B cratbe paccmarpuBaeTcs 3ajada MacCOOOMEHa LMIMHAPUYECKOTO Tela ¢ PAaBHOMEPHBIM MOCTYMATEIHHBIM MTOTOKOM
BSI3KOI HECXKUMAEMOM JKUIKOCTH.

Leap padoTsl — pa3paboTka HOBOTO METONA YHCIEHHOTO aHajH3a 3aJadyil MaccooOMeHa MUJIMHIPUIECKOTO Tela ¢ PABHOMEPHBIM HOCTY-
MaTelbHBIM TTOTOKOM, OCHOBAHHOTO Ha COBMECTHOM NPHUMEHEHHWU CTPYKTYpHOTro merona R-QpyHKIHMH M MpOeKIHMOHHOTO Merona [amepkuHa.

Mertoa. B obmem ciaydae 3amada o CTallMOHAPHOM MaccOOOMEHe LMJIMHIPHYECKOTO Tella C MOTOKOM BSI3KOH HECKHMAEMOH YKUIKOCTU
CBOIUTCS K PEILICHUIO YPaBHEHHS THAPOAHMHAMUYECKOTO OOTEKAHHS IOBEPXHOCTH W YPaBHEHUS JJsl KOHIEHTPALWU C COOTBETCTBYIOUIMMU
KpaeBBIMH YCJIOBUSIMH Ha TIOBEPXHOCTH TeJa M BIAIM OT HEro. TOYHO y4eCcTh TeOMETPHUIO 00JIACTH, a TAK)Ke KPaeBhble YCIOBHS (B T.U. H yCIOBHE
Ha OECKOHEYHOCTH), MO)KHO, BOCIOJIb30BABIINCh KOHCTPYKTUBHEBIM amnmapaToM Teopuu R-¢ynkuwmii akan. HAH Ykpaunser B. JI. PBauesa.
B pabore Ha 0OCHOBaHWHU METONOB TeOpHH R-QYHKINI MOCTpOeHa MOJHASI CTPYKTYpa PELIeHUs INHEHHOW KpaeBoil 3a/1aun ISl KOHIIEHTPAIIHH,
TOYHO YHOBJIETBOPSIONMIASI KPACBBIM YCIOBHUSM Ha TPAHUIIE U YCIOBUIO Ha OECKOHEYHOCTH, YTO ITO3BOJIMIIO CBECTH 3aJaddl B OECKOHEYHOMN
o0acTy K 3a71a4aM B KOHEUHOH obnactu. 1S pereHus! TMHEHHON 3a1a49u A7 KOHIIEHTPAINH pa3paboTaH YUCICHHBIN alTOPUTM HAa OCHOBAHHU
merona ['anepkuna.

Pe3yabTaThl. BerancinTenbHbIH SKCIIEpUMEHT MPOBENSH IS 3a1a4i 00TeKaHUsI KPYTOBOTO H AJUTHIITHYECKOTO HWINHAPOB TPU Pa3IMIHBIX
yuciax PeiiHonbaca u Ilekne.
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10.

11.

12.

BuiBoabl. [IpoBeieHHBIC SKCIIEPUMEHTHI TOATBEPIMIN PA0OTOCIIOCOOHOCTD MPEATIOKEHHOTO METO/1a YHCIEHHOTO aHAJIN3a 3a1a4H Macco-
oOMeHa IMIMHIPUYECKOTO Tela ¢ PABHOMEPHBIM IIOCTYHATEeIbHBIM IIOTOKOM, OCHOBAaHHOTO Ha COBMECTHOM IIPUMEHEHHH CTPYKTYPHOTO METO-
na R-pynknnit n npoexnronHoro Meroza ["anepkuHa. IlepcnekTHBHI fanbHEHIINX UCCIICJOBAaHUI MOTYT 3aKJII0YaThCs B HCIIOJIb30BaHUU pa3pa-
00TaHHOTO METOJa MPHU pPeaNu3alvy UTEPALOHHBIX METOJOB PEIICHUS 3a7a4M HEIMHEHHOro MaccOOOMEHa, MOTyAUCKPETHBIX M IPOCKIIHOH-
HBIX METOJIOB PELICHNUSI HECTAIMOHAPHBIX 33/1a4, a TAKIKE [TPH PEIICHHUH 3a/1a4 OITHMAJIbHOTO YIIPABJICHUS COOTBETCTBYIOIINMH TEXHOJIOTMIECKUMHU
IIPOLIECCAMHU.
KoatoueBble ciioBa: 3a1a4a 00TEKaHYs, CTAllHOHAPHOE TEYEHHE, BA3KAs )KUIKOCTh, (DYHKIIMS TOKA, MAaCCOOOMEH, (DYHKIUS KOHIIEHTPALIUH,
meroxn R-pynknuii, merox IanepkuHa.
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