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ABSTRACT 
Context. The management of many economic and other “service” systems of random flows of “requirements” is based on the 

prediction of their efficiency, based on an estimate of the system states probability distribution. In a number of important practical 
cases, the input flow may have random composition groups of requirements, which determined the applicability of linear algebra 
numerical methods for searching probabilities, and also made it difficult to build queuing systems that are effective in a range of 
conditions and made it impossible to obtain probability estimates for systems with an infinite number of places to wait for service. 
The objects of the study are Markov models of three types of queuing systems: with refusals, with a limited and with an unlimited 
number of places to wait in the conditions of the input flow of a random composition groups of requirements. 

Objective. The goal of the work is to obtain an analytical description of the final state probabilities which are necessary to 
predict the values of efficiency indicators for three types of Markov multichannel queuing systems: with refusals, with a limited and 
with an unlimited number of places to wait in the conditions of the input flow of random composition groups of requirements. 

Method. In the general case, the probabilities of states in queuing systems with input flow random groups of requirements are 
described by Kolmogorov differential equations. The Kolmogorov equations, in the stationary state of the queuing system, are 
transformed into a linearly dependent homogeneous system of algebraic equations. The final probabilities of the states of a queuing 
system can be found by numerically solving a system of equations using methods well known in linear algebra: complete exclusion, 
the inverse matrix, and the matrix method of Ramaswami [3], [38], which takes into account the repeating block structure of the 
system of equations matrix. The infinite number of unpredictable combinations for the set of numerical values of the considered 
queuing systems parameters makes it difficult to control the operation of such systems and to build systems that are effective in a 
range of conditions. 

In queuing systems with an unlimited number of places to wait, the number of equations becomes infinite, and numerical 
methods become unsuitable for final probabilities searching and for solving problems of analysis, synthesis and control of queuing 
systems. Analytical expressions for the final probabilities of queuing systems are obtained by equivalent transformations of 
homogeneous systems of algebraic equations in the general case of each type of queuing system mentioned above. 

Results. The obtained analytical expressions for the final probabilities of the queuing systems states for three noted system types 
are not previously known and therefore required verification of their correctness. Such a check was performed by the way of 
degenerate the flow of random groups of requirements in the input of the system to the simplest flow of requirements. As a result of 
verification, analytical expressions for the final probabilities of the considered systems states were automatically transformed into the 
corresponding well-known models of queuing systems with the simplest input flow of requirements. This effect allows us to consider 
the well-known models of queuing systems of the simplest input requirements flow – to be a particular case of the obtained models of 
queuing systems with an input flow of groups of requirements. 

Conclusions. To further verify the correctness of the results and to assess the degree of influence of requirements random 
number in groups of input flow onto the system efficiency, a numerical example is given for the critical conditions of a constant 
intensity of requirements flow equal to the total performance of the system’s service channels. In this case, only the average number 
of requirements in groups changed. The results of the numerical experiment testify in favor of the correctness of the obtained 
analytical expressions for the final probabilities and in favor of the possibility of their practical application in real queuing systems 
when solving problems of forecasting efficiency, as well as analyzing and synthesizing the parameters of real queuing systems. 

KEYWORDS: Markov models, Queuing systems, Requirements groups. 
 

ABBREVIATIONS 
QS is a queuing system. 
 

NOMENCLATURE 
L is a maximum number of requirements in a group; 
ML/M/n/m is a designation of queuing system; 
ML is a designation of Poisson input flow of groups of 

requirements of random composition with the maximum 
number L of requirements in a group; 

M is a designation of an exponential distribution of the 
random service time of each requirement; 

n is a number of identical channels (devices) in the 
queuing system; 

m is a number of places to wait; 

ML/M/n/∞ is a designation of the queuing system 
noted above but with an infinite number of places to wait, 
it means m=∞; 

ML/M/n is a designation of the queuing system noted 
above but with no places to wait and it means with 
refusals; 

I is a flow intensity of requirements at the input of the 
queuing system; 

t is a current time; 
()1f  is a density distribution of the requirements flow 

at the input of the queuing system; 
e=2,71… is a second remarkable limit; 

avrT  is a mathematical expectation of requirement’s 
duration of service by the service device; 

μ is a performance of one service device; 
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()2f  is a distribution density of service duration; 
 i is the number of requirements in the group; 
γ is a number of occupied places to wait; 

ia  is a probability of a group consisting of exactly i 
requirements at the input of the queuing system; 

λ  is a parameter of requirements groups flow at the 
input of the queuing system; 

iλ  is a parameter of requirements groups input  partial 
flow that consists of exactly i requirements in the group; 

kp  is a probability of a queuing system state in which 
exactly k devices are occupied; 

γ+np is a probability of a queuing system state in 
which exactly n devices are busy by servicing and exactly 
γ  waiting places are occupied by requirements; 

ρ  is a load factor of a queuing system with a simplest 
flow of requirements; 

iρ  is a load factor of queuing system by a part of the 
input flow of requirements groups; 

kf  is a non-ordinary function, which deforms the 
probability kp of the k-th state of the queuing system 
when groups appear in the input flow of requirements; 

b.dM  is the mathematical expectation of the busy 
devices number; 

M[i] is the mathematical expectation of the 
requirements number in groups; 

A is an absolute system capacity; 
serviceP  is a service probability of queuing system; 

refusalP  is a refusal probability of service; 

kS  is a system state, at which exactly k requirements 
are under maintenance; 

kf  is a non-ordinary function. 
 

INTRODUCTION 
In industry, science, medicine, commerce, information 

networks, management systems, and in other areas, there 
is often appears repeated massive demand (flow of 
requirements) for various services. To work out such 
requirements, the corresponding “service” systems are 
created. 

The wide distribution and diversity of such systems 
has caused the need to develop appropriate models of 
queuing systems (QS) for solving problems of analysis, 
synthesis and control of real systems. The moments of 
occurrence of each requirement and the duration of its 
working out (service) are not known in advance (are 
random). Therefore, most models are stochastic  

In real systems, as a rule, the conditions of the central 
limit theorem of A. Ya. Khinchin  [18] are satisfied, and 
an input flow of requirements, that is close to the simplest 
one, is automatically generated. For such conditions, there 
are well-known models, for example, in [45]. However, 
requirements can often enter the system in groups with an 
unknown (random) quantity in the group. In queuing 
systems, shock loads occur, the effectiveness of systems 
decreases. 

To perform a forecast of the effectiveness in such 
system and in such conditions its possible only by 
numerical methods for specific numerical values of the 
conditions parameters. Unfortunately, the probability of 
“guessing” the exact values of the future set of continuous 
random variables (the parameters of the conditions) is 
strictly zero. Therefore, numerical analysis can be 
adequate to the real process only a posteriori, which 
sharply reduces its scientific significance and at the same 
time makes it important to search not numerical, but 
analytical descriptions of state probabilities and efficiency 
indicators of queuing systems with an input flow of 
groups with random composition of requirements. 

The object of study is a steady-state process of 
servicing a flow of requirements groups in ML/M/n 
queuing systems with refusals, as well as with limited 
ML/M/n/m and with unlimited ML/M/n/∞ number of places 
to wait. 

The subject of study is the distribution laws of the 
final state probabilities in queuing systems ML/M/n with 
refusals, as well as with limited ML/M/n/m and with 
unlimited ML/M/n/∞ number of places to wait and in input 
flow conditions groups of requirements with a random 
number of requirements in groups. 

The purpose of the work is to obtain an analytical 
description of final probabilities for the general case of 
the ML/M/n model of a queuing system with refusals as 
well as for queuing systems with waiting ML/M/n/m, 
ML/M/n/∞ and with a non-ordinary input flow of 
requirements. The noted final probabilities are a complete 
description of the systems operation and allow estimating 
the expected values of all known indicators of the queuing 
systems efficiency. 

 

1 PROBLEM STATEMENT 
The flow of non-ordinary requirements with intensity 

I and density tIIetf −=)(1  enters the queuing system. 
Service duration is random and has exponential 
distribution tetf μ−μ=)(2 . By virtue of the noted 
distribution densities, a Markov process with continuous 
time and discrete states arises in the system.  

This paper relies on a system of statements about the 
properties of a non-ordinary (general stationary) flow [18, 
pp. 14, 40, 41], which we present without proof. 

The stationary flow of time points for the arrival of 
groups of events without aftereffect is the simplest and is 
called the General Stationary Flow or non-ordinary flow. 

Non-ordinary flow includes groups of i requirements 
( Li ...,,2,1= ) in a group. The flow can be determined by 
setting the probabilities distribution law ( ia ) of appearing 
exactly i requirements in any group of input flow. Then 
the flow parameter λ  will be less than the flow intension 
( II <λ, ) and will include partial flows with 
parameters iλ : 

 

ii aλ=λ ;  ∑∑
==

λ⋅=λ=λ
L

i
i

L

i
i iI

11
; . (1)
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A. Ya. Khinchin limit theorem [18] for random time 
intervals between groups of events in a non-ordinary flow 
is preserved and the form of the exponential distribution 
of time intervals is preserved too, but with the 
parameter λ : 

 

0,)( >λ= λ− tetf t . (2)
  

At the same time, to fulfill equality ( I=λ ) it is 
necessary and sufficient to have 11 =a . In this case, the 
flow of events becomes the simplest. For all other (non-
ordinary) stationary flows without an aftereffect, the 
intensity of the flow is always greater than its parameter 
( λ>I ). 

 
2 REVIEW OF THE LITERATURE 

The first model for calculating the part of calls that 
receive service at a telephone station was described by A. 
K. Erlang [12] in 1909. The process of the telephone 
station included the receipt and service of applications 
from subscribers to switch communication channels with 
other subscribers. The service of each application 
consisted in connecting the subscriber – the source of the 
application to the free channel of communication with the 
required subscriber. After the end of the call, the channel 
was released and could be used to service the next 
request. The application that arrived at the telephone 
station at the time when all channels were busy received a 
denial of service. The moments of receipt of applications 
and the end of their service were random. 

The Erlang-developed model of the mass service 
system of requests at the telephone station turned out to 
be a universal tool for describing the processes of service 
in different systems and in different fields of human 
activity. Each of these areas and systems has its own 
peculiarities, which led to the development of more 
complex models and to the appearance of an independent 
scientific direction – the queuing theory. 

Currently, queuing system models are being actively 
used for analysis, for predicting efficiency and for 
optimizing decisions made in various areas. These include 
the following areas: telecommunication networks [8, 13, 
23, 25, 42, 43], socio-economic systems [11, 24], 
production systems [2, 21, 32, 46] and logistic systems 
[15, 34, 35], computing systems [5, 19], traffic 
management systems [1, 4, 17, 37]. 

An interesting direction in the theory of queuing 
systems is the construction of models with an infinite 
number of devices, since it is these models that make it 
possible to describe complex technical systems for which 
the number of devices can be relatively large. For 
example, L. Brown, N. Gans, A. Mandelbaum, and A. 
Sakov [8] use such systems to simulate a call center in 
which agents provide telephone services almost no 
refusals. In such a company, customer service should start 
immediately. Therefore, the number of working operators 
should be large enough and should be monitored using the 
appropriate model. 

Infinitely linear systems are also used as an 
approximation for multiline systems in cases where the 
probability of denial to service is negligible [14, 26, 27, 
31, 36, 39]. 

At the initial stage, most studies of the queuing theory 
were performed under the assumption that the incoming 
flow of requests is the simplest [9, 40]. 

However, the development of computer and mobile 
systems has led to the need to create new mathematical 
models of requirements flows at the system input, which 
are not Poisson or non-ordinary flows. This was the 
reason for the increased interest in the study of systems 
with more complex incoming flows. Systems with non-
Poisson flows were studied by such authors as G. P. 
Klimov [20], G. Sh. Tsitsiashvili [44], P. P. Bocharov, A. 
V. Pechinkin [6], A. N. Moiseev and A. A. Nazarov, [29], 
S. P. Moiseeva [30], E. A. Doorn and A. A. Jages [10],  
V. F. Matveev, V. G. Ushakov [28] and others. 

So, in the book of Matveev V. F. and Ushakov V. G. 
[28] was obtained generating function of the requirements 
number in the system for which the incoming flow is a 
superposition of independent flows with the same number 
of requirements in packs. For non-Poisson input flows in 
a system with an unlimited number of service channels  
E. A. Doorn and A. A. Jagers [10] obtained estimates of 
the variance for the number of busy servers. 

Another important direction in the development of the 
queuing theory is the study of the systems operation in the 
conditions of the incoming flow, which includes groups 
of requirements with previously unknown composition. 
Thus, groups of motorcade cars can arrive at a gas station, 
visitors can arrive at a roadside restaurant in groups at the 
time of vehicles arrival, and the customers flow to the 
hotel includes both single customers and groups of several 
people, families for example. Such a flow is called non-
ordinary. 

A description of queuing system models with non-
ordinary input flow can be found in works of A. A. 
Shakhbazov [41], Jung-Shyr Wu and Jyh-Yeong Wang 
[16], N. O. Kutselay and S. V. Safonov [22], O. Yu. 
Bogoyavlenskaya [7], V. B. Monsik, A. A. Skrynnikov, 
and A. U. Fedotov, in works of A. V. Pechinkin [33] and 
A. G. Tatashev, M. Akhilgova, S. A. Shchebunyaev. 

In the general case, the probabilities of states in 
queuing systems ML/M/n/m with a non-ordinary input 
flow of requirements are described by Kolmogorov 
differential equations. 

The Kolmogorov equations, in the stationary state of 
the queuing system, are transformed into a linearly 
dependent system of algebraic equations. The final 
probabilities of the queuing system states can be found by 
numerically solving the system of algebraic equations 
using the methods well known in linear algebra [45] – 
complete exclusion, inverse matrix, Kramer determinants. 
It should be noted that in this case the determinant of the 
algebraic equations system is always zero. Therefore, it is 
impossible to apply the Kramer determinant method 
directly. 
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One of the variants of the noted system algebraic 
equations numerical solution is the well-known matrix 
geometric method of Ramaswami [3]. This method is 
characterized as a method for the analysis of quasi-birth-
death processes, continuous-time Markov chain whose 
transition rate matrix has a repetitive block structure. In 
this method, the final probabilities of the queuing system 
states are found using numerical calculations of the 
elements of the Neut’s rate matrix [38]. 

Analytical description of models is sometimes 
possible to find for some performance indicators, as a 
rule, for single-channel systems (N. O. Kutselay and S. V. 
Safonov [22], O. Yu. Bogoyavlenskaya [7]) with a 
specific composition of requirements in input flow groups 
(V. B. Monsik, A. A. Skrynnikov, A. U. Fedotov and 
A. V. Pechinkin [33]). 

The search for regularities that could provide an 
analytical description of the final probabilities in the 
general case of a queuing system with a non-ordinary 
input flow of requirements were engaged in A. A. 
Shakhbazov [41], Jung-Shyr Wu and Jyh-Yeong Wang 
[16]. In all the studies noted, it was concluded that the 
final probabilities sought could ultimately be found only 
by numerical methods for a specific flow structure. 

One of the reasons for the lack of success in finding 
an analytical description of the final probabilities is that 
any change in the structure of the input flow of 
requirements or in the queuing system leads to a change 
in the composition and in the structure of the algebraic 
equations system. The number of options that appear is 
unlimited. Attempting to identify and describe regularities 
of emerging changes is faced with the need to take into 
account the enumerated set of combinations in the marked 
conditions, which goes beyond the scope of analysis. 

However, if numerical methods allow to obtain the 
value of final probabilities for queuing systems ML/M/n/m 
with a limited number of service devices and with a 
limited number of waiting places, then for a situation with 
an unlimited number of them, for example, for a system 
ML/M/n/∞, numerical methods are not suitable due to the 
infinite number of algebraic equations. 

In addition, the infinite number of variants of 
combinations for the numerical values of the ML/M/n/m 
system parameters makes it difficult to control the 
operation of such systems in real time. 

As a result, the relevance of the task of finding an 
analytical description for the states final probabilities in 

queuing systems with a non-ordinary input flow of 
requirements becomes obvious. 

 
 

3 MATERIALS AND METHODS 
In order to demonstrate the logic of obtaining an 

analytical description of the final probabilities, let us 
consider a relatively easily visible example for the 
M2/M/n system (Fig. 1). 

At the entrance of the M2/M/n queuing system with 
refusals, a non-ordinary flow is coming consisting of two 
( 2=L ) partial flows with parameters 11 aλ=λ  and 

22 aλ=λ . 
The model’s graph is shown in Fig. 1 and can be 

described by Kolmogorov differential equations system 
(3): 
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Let’s perform a sequential summation of the left and 
right sides of the equations in the system (3), we get: 

 

.0)],()1()(

)()()([)(

122

0
11

0
nktpitp

tptpitp

ii

k

i
ii

k

i
i

≤≤μ++λ+
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+−

=
−

=
∑∑

 

(4)

 

After identical transformations, the system of 
equations (4) takes the form: 

 

nkpppktp kkk
k

i
i ≤<λ+ λ+λ+μ−=′ −−

=
∑ 0,)( )( 22121

0
. (5)

 

For the conditions of the steady state from formulas 
(5) we find: 

 

nkpppk kkk ≤<
μ

λ
+ 

μ
λ+λ

= −− 0, 2
2

1
21 . (6)

 

Let’s call a group of requirements as a request and 
introduce the notation for the coefficients ( 1;0, =ρ ii ) of 
the system load by a part of the input flow of requests:  

 

.; 2
1

21
0 μ

λ
=ρ

μ
λ+λ

=ρ  (7)
 

 

 
 

Figure 1 – The model graph of queuing system M2/M/n with refusals 
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Then we’ll write down the equation: 
 

nkpppk kkk ≤<ρ+ ρ= 0, 2-11-0 . (8)
 

For further reasoning, we recall the well-known 
Erlang formulas [12] for the queuing system M/M/n with 
refusals: 
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n

k
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k k
pnkp

k
p … ;  

μ
=ρ

I . (9)

 

We’ll seek the final probabilities kp  of system states 
in a form close to well-known Erlang formulas (9): 

 

nkfp
k

p k

k
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ρ

= 0,
! 0
0 . (10)

 

Substituting the formulas of the final probabilities (10) 
into the expression (8), we get: 
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After equivalent transformations we obtain a recurrent 
expression for the non-ordinary functions values: 
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0

1
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Then let’s find the expression for the probability of 
the zero state using the probability normalization 
condition, in which we substitute formulas (10), we 
obtain: 
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To determine the value of the first non-ordinary 
function ( 0f ), we substitute the value 0=k  in formula 
(10) and then we get: 
 

000 fpp ⋅= . (13)
 

From equation (13) follows the equality 10 =f . The 
value of the non-ordinary function ( 1f ) is found from 
formula (12) with the value 1=k , we get: 
 

02
0

1
21111 )11( ffff =−×

ρ

ρ
+= −− . (14)

Thus, for 2=L  the first two non-ordinary functions 
turned out to be equal to one unit: 110 == ff . In this case, 
the analytical expressions become definite for all the 
desired final probabilities kp , which make it possible to 
consider the problem is solved. 

In the general case, the input of the queuing system 
receives a flow of groups of requirements, which consists 

of L  partial flows with parameters Lia ii ...,,1, =λ=λ . 
Then expressions (7) and (8) take the form: 
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L

ij
ji <≤λ

μ
=ρ ∑
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1
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012110 ... pppp kkkk −−− ρ++ρ+ρ=k . 
(15)

 

After substitution (10) in (15) we get: 
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In these conditions, for the general case of the ML/M/n 
queuing system with refusals, expressions of the final 
probabilities (10) and (13) are retained, but in which 
instead of the formula for the non-ordinary functions (12) 
it is necessary to use formula (16). 

To verify the correctness of the solution obtained, 
we’ll find the value of non-ordinary functions kf  for the 
case of degeneration of a non-ordinary input flow of 
requirements into the simplest flow: 1,0;11 >== iaa i . In 
this case, the parameters of the partial flows of requests 
with two or more requirements are equal to zero 
( 1,0 >=λ=λ ia ii ). Then, from formulas (9), (1) and (15) 
it follows: 0;0;0 >=ρρ=ρ ii . 

Substituting the obtained values iρ  into formulas (12) 
and (16), taking into account the equality 110 == ff we 
see that, the second term vanishes and formulas (12) and 
(16) take the form: 

 

nkff kk ,...,1;11 === − . (17)
 

As a result, the expression (10) for the final 
probabilities is converted to the well-known Erlang 
formulas (9). This result argues in favor of correctness of 
the study and of the expressions obtained for the non-
ordinary functions (12), (16) and for final probabilities 
(10) in the ML/M/n system with a non-ordinary input flow 
and with refusals. At the same time, there are appearing 
grounds to consider the Erlang M/M/n queuing system 
model as a particular case of the ML/M/n model. 

The law of states’ probability distribution in a queuing 
system allows finding calculation formulas for the 
following characteristics: the mathematical expectation of 
the busy devices number b.dM ; the mathematical 
expectation of the requirements number in groups M[i]; 
absolute system capacity (A); service probability ( serviceP ) 
and for service refusal probability ( refusalP ): 
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In the next step let’s consider the possibility of 
obtaining analytical expressions for the final probabilities 
of the queuing system with input flow of requirements 
groups ML/M/n/m and with m places to wait. 

Direct application of Kolmogorov’s systems of 
differential equations [45] and then their algebraic 
analogues up to date has not allowed obtaining analytical 
expressions for the final probabilities of states in a 
queuing system with the input flow of requirements 
groups and with the waiting of ML/M/n/m 

Therefore, we’ll first try to get analytical describing 
the final probabilities for the system M2/M/n/m, then for 
analytical describing the final probabilities in the systems 
ML/M/n/m and ML/M/n/∞. 

Let’s preserve all the conditions of the queuing system 
operation and all designations presented earlier and in 
relations (1) – (7). 

Additionally, we note that if all n devices in the 
system are occupied, then the next request gets in the 
queue and can be served by the first released device. The 
number of places in the queue is limited to m. If all places 
in the queue are occupied, the requirement is denied in 
service and it leaves the system. The marked graph of the 
queuing system model M2/M/n/m is shown in Fig. 2. 

For the M2/M/n/m queuing system (Fig. 2), the first 
group of Kolmogorov differential equations (20) 
corresponds to the absence of queue and coincides with 
the considered case (10)–(16) of the queuing system with 
refusals (Fig. 1). 

The second group of Kolmogorov differential 
equations (21) corresponds to the condition of having a 
queue in the queuing system M2/M/n/m (Fig. 2). And in 
all together, we get: 
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Let’s do the summation of the marked differential 

equations (20) and (21). 
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The value of the first sum on the right-hand side of 
equality (22) can be determined using expression (5) for 
the conditions nk = : 
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Then, after identical transformations, the system of 
equations (22), for the conditions of stationary operation 
of the queuing system M2/M/n/m (Fig. 2), takes the form: 

 

 
mPPPn n ...,,1,)( 0 2n21n21 =γλ+λ+λ+μ−= −γ+−γ+γ+ . (24)

 

Equality (24) can be transformed taking into account 
the introduced notation (7) of load factors: 

 

 mPPnPn ...,,1, 2n11n0 =γρ+ρ= −γ+−γ+γ+ . (25)
 

The expression for the final probabilities of states 
mPn ...,,1, =γγ+  will be sought in the following form: 
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After substituting formulas (26) into (25) and 
performing equivalent transformations, we obtain a 
recurrent expression for calculating the non-ordinary 
functions: 
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Figure 2 – Graph of the M2/M/n/m queuing system model  
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The probability of the zero state in the M2/M/n/m 
model is found taking into account the probability 
normalization condition and the chosen form of 
representation of the final probabilities (26), we obtain: 
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Thus, the analytical description of the final 
probabilities for the queuing system M2/M/n/m with input 
flow of requirements groups includes expressions (7), 
(12), (26), (27), (28), where  110 == ff . At the same time, 
performance indicators can be found using expressions 
(18) and (19). However, to get the mathematical 
expectation of the busy devices number ( b.dM ) we can 
use a more simple expression: 
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In the general case of ML/M/n/m queuing system with 
waiting, the input of QS receives a flow of requirements 
groups, which consists of L  partial flows with 
parameters Lia ii ...,,1, =λ=λ . Then an expression (25) 
takes the form: 
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After substitution (26) into (30) we get: 
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In this general case of the ML/M/n/m queuing system 
with waiting, expressions of the final probabilities (26) 
and (28) are retained. 

For the case of ML /M/n/∞ queuing system with 
waiting and with an infinite number of places to wait and 
with ( μ< nI ) there are no service refusals. 

Absolute performance equals to intensity of input flow 
of requirements ( IA =  ). Then, to calculate the 
probability of the zero state of the queuing system and the 
mathematical expectation of the number of busy devices, 
instead of formulas (28) and (29), we find: 

 

μ
=

IM b.d ;  
1

0

0
0 !

)(

−

=
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⋅

ρ
⋅−⋅⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
μ

−= ∑
n

k
k

k
f

k
knInp . (32)

 

From formula (32) it follows that the condition for the 
possible occurrence of a stationary mode in the queuing 
system ML /M/n/∞ is the inequality: 

 

( )μ⋅< nI . (33)
 
Inequality (33) determines the need to exceed the total 

performance of service devices over the flow intensity of 
the requirements at the system input. Otherwise, the 
average queue length in the system will increase 
indefinitely. All other formulas coincide with the 
formulas previously noted. 

 
 

4 EXPERIMENTS 
To evaluate the performance of a queuing system with 

refusals, the input flow of requirements groups sometimes 
is replaced with the simplest flow and the Erlang model 
M/M/n (9) is used. 

Let’s consider the admissibility of such replacement 
using the example of the ML/M/n queuing system with the 
following parameters: 7=I [requirements/minute]; 

7=n ; 8=L ; Lai /1= , Li ...,,1= ; 1=μ [minute–1]. In 
such a system, the total performance of service devices 
coincides with the intensity of the input requirements flow 
( μ⋅= nI ). Therefore, in the case of deterministic input 
flow, all requirements must be served. The marked graph 
of the model is presented in Fig. 3. 

 

 
 

Figure 3 – The model graph of queuing system ML /M/n with refusals (n=7; L=8) 
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The probabilities of the model states (Fig. 3) in the 
steady state are described by the formulas (1), (10), (13), 
(15) and (16). These formulas we repeat for ease of 
analysis: 
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5 RESULTS 

Non-ordinary functions fk are described by formula 
(16) in the case of an example (Fig. 3) will take the 
following form:  

 

110 == ff ;    );12(2
0

1
012 −

ρ

ρ
+= fff  

);23)(13()13( 3
0

2
02

0

1
123 −−

ρ

ρ
+−

ρ

ρ
+= ffff  

 

);34)(24)(14(

)24)(14()14(

4
0

3
0

3
0

2
12

0

1
234

−−−
ρ

ρ
+

+−−
ρ

ρ
+−

ρ

ρ
+=

f

ffff

 

 

;1234

234344

5
0

4
0

4
0

3
13

0

2
22

0

1
345

⋅⋅⋅⋅
ρ

ρ
+

+⋅⋅⋅
ρ

ρ
+⋅⋅

ρ

ρ
+⋅

ρ

ρ
+=

f

fffff

 

 

;120120

60205

6
0

5
05

0

4
1

4
0

3
23

0

2
32

0

1
456

⋅
ρ

ρ
+⋅

ρ

ρ
+

+⋅
ρ

ρ
+⋅

ρ

ρ
+⋅

ρ

ρ
+=

ff

fffff

 

 

.720720360

120306

7
0

6
06

0

5
15

0

4
2

4
0

3
33

0

2
42

0

1
567

⋅
ρ

ρ
+⋅

ρ

ρ
+⋅

ρ

ρ
+

+⋅
ρ

ρ
+⋅

ρ

ρ
+⋅

ρ

ρ
+=

fff

fffff

 

 
We use formulas (9) and estimate the probabilities 

( kp ) of the system states and the probability of servicing 
the requirements in the Erlang model for the conditions of 
the simplest input requirements flow with the parameters 
noted above ( 7=I  [requirements/minute]; 1=μ ; 7=n ). 
The calculated results of the final probabilities and 
probabilities of requirements servicing in the ML/M/n and 
M/M/n queuing systems are presented in Table 1, Table 2 
(No. 1–36) and on Fig. 4. From the quantitative estimates 
(Table 1, Fig. 4a), we can draw the following conclusion. 

 
6 DISCUSSION 

The appearance of groups in the input requirements 
flow of the same intensity changes the probability 
distribution of the system states (Table 1 No. 27–34) and 
leads to a decrease in the probability of service (Table 1 
No. 36 547.0=grserviceP ) compared with the probability 
of service in the Erlang model (Table1 No. 37–44 and 
Table 1 No. 45 751.0=ErserviceP ). 

The influence of the requirements groups’ 
composition on the changes in the final probabilities is 
concentrated in values of the multiplicative (10) non-
ordinary functions (16) (Table 1 No.19–26). The noted 
discrepancies are increasing significantly with an increase 
in the maximum number of requirements in groups 
(Table 2, No. 4, No. 28–34, Fig. 4b). At the same time, 
the non-ordinary functions (Table 2 No. 19–26) allow 
taking into account changes in the probabilities of the 
queuing system states and can be increased up to values 
of 105 and more (Table 2 No. 26). 

We watch, that an increasing in the mathematical 
expectation of the requirements number in groups 
(Table 2 No. 37–45, Fig. 5) leads to an asymptotic 
tending to zero of the requirements servicing probability. 

In the natural environment, an analogue of such 
processes can be the interaction of a group of predators 
(service devices) with large groups of victims – grass-
feeding animals on land or fish in the sea. 

 
Table 1 – Evaluation of the influence of requirements groups in the input flow on the state’s probabilities  

in the queuing system (see Fig. 3. Fig. 4a) 
Model ML /M/n (names and values of model parameters) Model M/M/n 

# Name Value # Name Value # Name Value # Name Value # Name Value 
1 n 7 10 M[i ] 4.5 19 f0 1 28 P1 0.105 37 P0 0.002
2 μ 1 11 ρ0  1.556 20 f1 1 29 P2 0.128 38 P1 0.011
3 I 7 12 ρ1  1.361 21 f2 1.56 30 P3 0.141 39 P2 0.037
4 L 8 13 ρ2  1.167 22 f3 3.31 31 P4 0.145 40 P3 0.087
5 λ 1.556 14 ρ3  0.972 23 f4 8.8 32 P5 0.144 41 P4 0.152
6 ai 0.125 15 ρ4  0.778 24 f5 28.1 33 P6 0.139 42 P5 0.213
7 λi  0.194 16 ρ5  0.583 25 f6 104 34 P7 0.129 43 P6 0.249
8 ρ=I/μ  7 17 ρ6  0.389 26 f7 437 35 Mb.d 5.26 44 P7 0.249
9 I/nμ  1 18 ρ7  0.194 27 P0 0.068 36 Pserv.gr 0.547 45 Pserv.Er 0.751
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Table 2 – Estimation of the tendency in the probabilities of states in the queuing system ML /M/n and the probability Pservice of the 
requirements servicing  with an increase in the maximum number of requirements L in groups of input flow (see Fig. 4b. Fig. 5) 

Calculation of the state’s probabilities in QS ML/M/n (see Fig. 4 b) Pserv.gr=f(M[i])  (see Fig. 5) 
#  Name Value # Name Value # Name Value # Name Value # L ai λi  M[i] Pserv.gr 
1 n 7 10 M[i] 18 19 f0 1 28 P1 0.16 37 1 1 7 1 0.751 
2 μ 1 11 ρ0 0.39 20 f1 1 29 P2 0.11 38 5 0.2 2.333 3 0.618 
3 I 7 12 ρ1 0.38 21 f2 3.86 30 P3 0.09 39 10 0.1 1.273 5.5 0.507 
4 L 35 13 ρ2 0.37 22 f3 25.9 31 P4 0.07 40 15 0.067 0.875 8 0.429 
5 λ 0.39 14 ρ3 0.36 23 f4 247 32 P5 0.06 41 20 0.05 0.667 10.5 0.371 
6 ai=1/L  0.0286 15 ρ4 0.34 24 f5 3066 33 P6 0.05 42 25 0.04 0.538 13 0.327 
7 λi  0.0111 16 ρ5 0.33 25 f6 46746 34 P7 0.05 43 30 0.033 0.452 15.5 0.293 
8 I/μ  7 17 ρ6 0.32 26 f7 845472 35 Mb.d 1.69 44 35 0.029 0.389 18 0.265 
9 I/nμ 1 18 ρ7 0.31 27 P0 0.41 36 Pserv 0.27 45 40 0.025 0.341 20.5 0.242 

 

 
 

Figure 4 – Probabilities Pk of the states of the same queuing system – without taking into account the groups of requirements in the 
input flow (Erlang model M/M/n) and – taking into account the groups of requirements in the composition of the real input flow with 

at the same intensity I =7 [requirements/minute] (n=7; μ=1 [minute–1]; Pservice Erlang = 0.751) 
 
 

 
 

Figure 5 – The change in the probability of service (Pservice) in the queuing system ML /M/n with constant flow intensity of groups of 
requirements (I =7 requirements/minute; n=7; μ=1 [minute–1]; ai=1/L) and with increasing mathematical expectation M[i] of the 

number of requirements in groups 
 

The increase in the number of victims reduces the 
probability of their death (service), which can be 
evaluated within the model ML /M/n. 

The considered features determine the need to take 
into account the composition of groups in the input flow 
of requirements when making assessments and when 
managing the corresponding queuing systems. 

 
CONCLUSIONS 

In the course of solving an actual scientific problem, 
analytical expressions were first obtained for the final 
state probabilities in ML/M/n queuing systems with 

refusals, as well as with limited ML/M/n/m and with 
unlimited ML/M/n/∞ number of places to wait in the 
conditions of input flows of requirements groups with a 
random number of requirements in groups. 

The scientific novelty of obtained results consists in 
creating possibilities for predicting the efficiency of three 
types of Markov queuing systems with an input flow of 
requirements groups with random requirements number in 
groups. At the same time, the well-known Markov models 
of servicing the simplest flow of requirements turned out 
to be a particular case of the considered models with an 
input flow of groups of requirements. In new formulas, all 
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the features of servicing groups of requirements are 
localized in recurrent expressions for non-ordinary 
functions. 

The practical significance of obtained results 
consists in creating conditions for the directed solution of 
problems of analysis, synthesis and control of Markov 
queuing systems in the general case of an input flow of 
requirements groups with a random number of 
requirements in groups. The obtained formulas for 
calculating the values of the non-ordinary functions are 
recurrent and convenient for practical calculations. The 
numerical values of these functions clearly show the 
deformation of the state’s final probabilities in queuing 
systems with an input flow of requirements groups 
compared to the known queuing systems with the 
simplest input flow of requirements. 

Prospects for further research may include building 
models of queuing systems of requirements groups with 
the departure of requirements from the queue of queuing 
systems and models of systems with incomplete 
availability of service devices. Each of these systems is an 
actual model of real systems in the economy, in medicine, 
in modern communication systems and in other areas. 
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УДК 519.872 
 

АНАЛІТИЧНИЙ ОПИС ФІНАЛЬНИХ ІМОВІРНОСТЕЙ СТАНІВ СИСТЕМ МАСОВОГО 
ОБСЛУГОВУВАННЯ З ВХІДНИМ ПОТОКОМ ГРУП ВИМОГ 

 
Городнов В. П. – д-р військових наук, професор, професор Національної академії Національної гвардії України, 

Харків, Україна. 
АНОТАЦІЯ 

Актуальність. Розглянуто три типи систем масового обслуговування: з відмовами, з обмеженою і з необмеженою 
кількістю місць для очікування в умовах вхідного потоку груп вимог випадкового складу. Об’єктом дослідження були 
марковськи моделі зазначених систем масового обслуговування. Мета роботи – знайти аналітичний опис фінальних 
ймовірностей, що дозволяє вирішувати завдання прогнозу ефективності, аналізу і синтезу параметрів зазначених систем. 

Метод. Для пошуку фінальних ймовірностей використаний метод еквівалентних перетворень систем лінійно залежних 
алгебраїчних рівнянь, отриманих граничним переходом з диференціальних рівнянь Колмогорова, що описують кожну з 
систем масового обслуговування. Показано, що методи чисельного рішення, які використовуються, засновані на точних 
значеннях числових параметрів умов роботи систем. Такі параметри відповідають категорії безперервних випадкових 
величин, точні значення яких можна передбачити з вірогідністю строго рівною нулю, що робить чисельний розв’язок 
позбавленим прогностичних властивостей і не придатним для практики аналізу, синтезу і управління роботою зазначених 
систем обслуговування. Крім того, в системах обслуговування з необмеженим числом місць для очікування кількість 
рівнянь не обмежена, що виключає можливість їх чисельного рішення. 

Результати. Коректність знайдених аналітичних виразів фінальних ймовірностей для станів трьох типів систем 
масового обслуговування перевірена шляхом виродження потоку груп вимог на вході кожної системи в найпростіший потік 
вимог. У всіх випадках вираження автоматично переходили в добре відомі формули для систем обслуговування 
найпростішого потоку вимог. Наведено приклад розрахунків, який вперше чисельно демонструє фізичний зміст змін в 
роботі систем обслуговування при появі груп вимог в складі вхідного потоку. 
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Висновки. До теперішнього часу спроби опису систем масового обслуговування з вхідним потоком груп вимог відомі 
тільки для одиничних окремих випадків структури системи і структури вхідного потоку. Розглянутий метод і результати 
містять повний аналітичний опис фінальних ймовірностей станів для цілого класу систем масового обслуговування з 
вхідним потоком груп вимог: систем з відмовами, з обмеженим числом місць для очікування і з нескінченним числом місць 
для очікування. Ці результати відкривають можливість прогнозу ефективності систем масового обслуговування в діапазоні 
умов і дозволяють вважати поставлену мету дослідження – досягнутою. 

КЛЮЧОВІ СЛОВА: моделі Маркова, системи масового обслуговування, групи вимог. 
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АНАЛИТИЧЕСКОЕ ОПИСАНИЕ ФИНАЛЬНЫХ ВЕРОЯТНОСТЕЙ СОСТОЯНИЙ СИСТЕМ 
МАССОВОГО ОБСЛУЖИВАНИЯ С ВХОДНЫМ ПОТОКОМ ГРУПП ТРЕБОВАНИЙ 

 
Городнов В. П. – д-р военных наук, профессор, профессор Национальной академии Национальной гвардии Украины, 

Харьков, Украина. 
AННОТАЦИЯ 

Актуальность. Рассмотрены три типа систем массового обслуживания: с отказами, с ограниченным и с 
неограниченным количеством мест для ожидания в условиях входного потока групп требований случайного состава. 
Объектом исследования являлись марковские модели отмеченных систем массового обслуживания. Цель работы – найти 
аналитическое описание финальных вероятностей, позволяющее решать задачи прогноза эффективности, анализа и синтеза 
параметров отмеченных систем. 

Метод. Для поиска финальных вероятностей использован метод эквивалентных преобразований систем линейно 
зависимых алгебраических уравнений, полученных предельным переходом из дифференциальных уравнений Колмогорова, 
описывающих каждую из систем массового обслуживания. Показано, что используемые методы численного решения 
основаны на точных значениях числовых параметров условий работы систем. Такие параметры соответствуют категории 
непрерывных случайных величин, точные значения которых можно предвидеть с вероятностью строго равной нулю, что 
делает численное решение лишенным прогностических свойств и не пригодным для практики анализа, синтеза и 
управления работой отмеченных систем обслуживания. Кроме того, в системах обслуживания с неограниченным числом 
мест для ожидания количество уравнений не ограничено, что исключает возможность их численного решения. 

Результаты. Корректность найденных аналитических выражений финальных вероятностей для состояний трех типов 
систем массового обслуживания проверена путем вырождения потока групп требований на входе каждой системы в 
простейший поток требований. Во всех случаях выражения автоматически переходили в хорошо известные формулы для 
систем обслуживания простейшего потока требований. Приведен пример расчетов, впервые численно демонстрирующий 
физический смысл изменений в работе систем обслуживания при появлении групп требований в составе входного потока. 

Выводы. До настоящего времени попытки описания систем массового обслуживания с входным потоком групп 
требований известны только для единичных частных случаев структуры системы и структуры входного потока. 
Рассмотренный метод и результаты содержат полное аналитическое описание финальных вероятностей состояний для 
целого класса систем массового обслуживания с входным потоком групп требований: систем с отказами, с ограниченным 
числом мест для ожидания и с бесконечным числом мест для ожидания. Эти результаты открывают возможность прогноза 
эффективности систем массового обслуживания в диапазоне условий и позволяют считать поставленную цель 
исследования – достигнутой. 

КЛЮЧЕВЫЕ СЛОВА: марковские модели, системы массового обслуживания, группы требований. 
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