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ABSTRACT 
Context. In many engineering tasks where the monitoring of changes in the characteristics of an observation object, subject, or 

process is required, it is necessary to process multimodal data recorded with respect to time moments when these characteristics are 
registered. In this paper, the author presents a new approach to solving the problem of multimodal data structures timewise process-
ing, which allows to simplify the processing of such data by using the mathematical apparatus of an algebraic system of aggregates 
and thereby reduce the requirements to computing resources. The algebraic system of aggregates operates with such specific data 
structures as aggregates and multi-images. These complex data structures can be obtained as a result of data measuring, generating, 
recording, etc. The processing of such multimodal data can also require discrete intervals processing. 

Objective. The goal of the work is to formalise the relations between basic mathematical objects defined in the algebraic system 
of aggregates, such as elements, tuples and aggregates, as well as the data structures based on these mathematical objects, namely, 
discreet intervals and multi-images. 

Method. The research presented in this paper is based on both the algebraic system of aggregates and the concept of multi-image 
which enable multimodal data timewise processing. A carrier of the algebraic system of aggregates is an arbitrary set of specific 
structures – aggregates. An aggregate is a tuple of arbitrary tuples, elements of which belong to predefined sets. Aggregates can be 
processed by using logical, ordering, and arithmetical operations defined in the algebraic system of aggregates. A multi-image is a 
non-empty aggregate, the first tuple of which is a tuple of time values. Such tuple of time values represents a certain discrete interval. 
To process discrete intervals and multi-images, a set of relations is defined in the algebraic system of aggregates. This set includes 
relations between tuple elements, relations between tuples, and relations between aggregates. The relations between tuples enable 
arithmetical comparison, frequency comparison, and interval comparison. This mathematical apparatus can be used for both complex 
representation of object (process) multimodal characteristics and further timewise processing of data represented as multi-images. 

Results. The approach to discrete intervals and multi-images processing based on relations, which are defined in the algebraic 
system of aggregates, has been developed and presented in the paper. The author provides examples of the developed approach prac-
tical implementation. 

Conclusions. The results obtained in the research presented in this paper has shown that the relations defined in algebraic system 
of aggregates enable processing of complex data structures named multi-images in data modelling, prediction and other tasks. To 
allow data processing with respect to time scale, discrete intervals can be employed. A discrete interval is a tuple of time values. In 
the paper, the author shows how relations for discrete intervals comparison can be used for solving practical tasks. Besides, the au-
thor presents the software tools which can be used for practical implementation of the given theoretical approach by employing the 
domain-specific language ASAMPL. 

KEYWORDS: Multimodal Data Processing, Aggregate, Multi-Image, Discrete Interval. 
 

ABBREVIATIONS 
ASA is the algebraic system of aggregates; 
ASAMPL is the programming language for mulseme-

dia data processing based on algebraic system of aggre-
gates. 

 
NOMENCLATURE 

A is an aggregate; 
 is a non-empty set (carrier); 

 is a set of operations;  
 is a set of relations; 

i, i1, i2, j, k, q, p are indices; 

a , 1a , 2a , ja , ta , pa are tuples of arbitrary val-
ues; 

1t , 2t  are tuples of time values; 
1
td ,  2

td are tuples of temperature values; 
1
pd , 2

pd  are tuples of pulse values; 

1
spd is a tuple of systolic pressure values; 

1
dpd  is a tuple of diastolic pressure values; 

1 2 1 2

1 2 1 2 1 1 2 2 1 2 1 2, , , , , , , , , , , , ,j k
i i i p q p q e ei i i n na a a a a a a a a a a a a a

 are tuple elements; 
n1, n2, nj are tuple lengths; 
MN, MS, MW, MK, Mj are sets; 
N, Np, Nq, Ne are powers of sets; 
T is a set of time values; 
τ  is a time value; 
I, I1, I2 are multi-images; 

tM  is a set of temperature values;  

pM  is a set of pulse values; 

spM  is a set of systolic pressure values;  

dpM  is a set of diastolic pressure values. 
 

INTRODUCTION 
Nowadays, there is a wide range of tasks in engineer-

ing, health care, education, and other fields [1–3], where 
data are complex structures, values of which are defined, 
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measured, generated, recorded in terms of time. Since 
such data can be obtained in arbitrary time moments as 
well as they are a subject of digital processing in com-
puter systems, time readings defining moments when 
certain data values are obtained are digital values which 
belong to discrete intervals. 

Complex data in this context can be presented as a 
multi-image [4–6]. A multi-image is a complex represen-
tation of multiple data sets describing an object (subject, 
process) of observation which are obtained (measured, 
generated, recorded) in the course of time. In mathemati-
cal sense, the multi-image is an aggregate, the first data 
tuple of which is a non-empty tuple of time values. These 
values can be natural numbers or values of any other type 
which can be used for evident and monosemantic repre-
sentation of time. The advantage of multi-image use is 
that since we have a complex representation of multimo-
dal data sequences defined in terms of time, it gives new 
opportunities for data modelling, prediction and other 
similar tasks. To process multi-images, we need to oper-
ate with relations between them and their components. 
Since a multi-image is an aggregate, relations defined in 
the Algebraic System of Aggregates (ASA) are used. In 
this paper we present the relations of ASA and propose a 
general approach for their use.  

The object of study is the process of multimodal data 
processing with respect to time stamps of data values. 

The subject of study is relations between compo-
nents of complex data structures, namely, between dis-
crete intervals and between multi-images. 

The purpose of the work is to formalise logical ap-
paratus of the algebraic system of aggregates and elabo-
rate an approach to its practical implementation. 

 
1 PROBLEM STATEMENT 

Let tuples 11 1
1

n
i i

a a
=

=  and 22 2
1

n
i i

a a
=

= , elements of 

which are unique discrete values such as either 1
k k
i ia a +< , 

or 1
k k
i ia a +>  is true for all pairs 1( , )k k

i ia a + , 

[1 .. 1]i n∀ ∈ − , k
ia ∈\ , k = [1, 2] be discrete intervals. 

Then the problem is to establish relations between these 
discrete intervals which enable their arithmetical, fre-
quency, and interval comparison which can be used for 
multi-image logical processing. 

 
2 REVIEW OF THE LITERATURE 

The foundations of interval algebra and interval-based 
temporal logic were presented in [7] where Allen pro-
posed 13 relations between intervals. Allen and Hayes [8] 
extended Allen's interval-based theory by formally defin-
ing the beginnings and endings of intervals which have 
properties normally associated with points. 

Nebel and Bürckert, in [9], introduced a new subclass 
of Allen’s interval algebra called ORD-Horn subclass. 
The authors proved that reasoning in the ORD-Horn sub-
class is a polynomial-time problem and showed that the 

path-consistency method is sufficient for deciding satisfi-
ability. Allen and Ferguson, in [10], presented a represen-
tation of events and actions based on interval temporal 
logic. One of important features of the logic is that it can 
express complex temporal relations because of its under-
lying temporal logic. 

In [11], Schockaert, De Cock, and Kerre formulated a 
notion of a fuzzy time interval and proposed fuzzy Allen 
relations which are the generalization of Allen’s interval 
relations. The authors applied the relatedness measures to 
define fuzzy temporal relations between vague events. 

In [12], Bozzelli et al. studied the expressiveness of 
Halpern and Shoham’s interval temporal logic which is 
“interval-wise” interpreted and enables expressing prop-
erties of computation stretches, spanning a sequence of 
states, or properties involving temporal aggregations, 
which are inherently “interval-based”. Grüninger and Li, 
in [13], identified the first-order ontology that is logically 
synonymous with Allen’s interval algebra, so that there is 
a one-to-one correspondence between models of the on-
tology and solutions to temporal constraints that are 
specified using the temporal relations. 

These and other similar researches consider time as 
intervals and moments as well as such time values con-
sidered as single data, without structuring with data of 
other types. Thus, in our research we work on another 
approach which stipulates complex representation of mul-
timodal data as aggregates and multi-images. 

 
3 MATERIALS AND METHODS 

ASA is an algebraic system, a carrier of which is an 
arbitrary set of specific structures – aggregates  
[4, 5]. 

Definition 1. An aggregate A is a tuple of arbitrary tu-
ples, elements of which belong to predefined sets: 

 

 A = 
1

|
jnj

j i i
M a

=
a b 1

N
j= = { } |A Aa b , (1) 

 
where {A} is a tuple of sets Mj, A  is a tuple of ele-

ments tuples 
1

jnj
i i

a
=

 corresponding to the tuple of sets 

( j
jia M∈ ). 

Since ASA is an algebraic system [14], it consists of 
sets , where  is a non-empty set (carrier), 
elements of which are elements of the system;  is a set 
of operations;  is a set of relations. The carrier of ASA 
is an arbitrary set of specific structures called aggregates.  

Aggregates can be compatible, quasi-compatible or 
incompatible [4, 5]. 

Operations on aggregates include logical operations, 
ordering operations, and arithmetical operations. 

The logical operations on aggregates are: Union, In-
tersection, Difference, Symmetric Difference, and Exclu-
sive Intersection [4]. 

Ordering operations include: Sets Ordering, Sorting, 
Singling, Extraction, and Insertion [5].  
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Arithmetical operations include: Elementwise Addi-
tion, Scalar Addition, Elementwise Subtraction, Scalar 
Subtraction, Elementwise Multiplication, Scalar Multipli-
cation, Elementwise Division, and Scalar Division. 

The basic relations in ASA [4, 5] includes Is Equal, Is 
Less, Is Greater, Is Equivalent, Includes, Is Included, 
Precedes, Succeeds. Let us present the whole set of the 
relations in detail. 

Relations in ASA include: 
– Relations between tuple elements; 
– Relations between tuples; 
– Relations between aggregates. 
Relations between tuple elements are Is Greater (>), Is 

Less (<), Is Equal (=), Proceeds ( ), Succeeds ( ). The 
first three relations (<, >, and =) are based on elements 
value and the last two relations (  and ) concern ele-
ments position in a tuple. Naturally, elements must be-
long to the same tuple. 

Let us consider elements of the following tuple: 
 

 1 2 3 4, , , 11,9,11,18a a a a a  . 
 

Then we can establish the fact of the following rela-
tions between the tuple elements: 

 
 a1 > a2 ; a3 < a4 ; a1 = a3 ; a1   a2 ; a3   a2. 
 

Relations between tuples enable the following types 
of tuples comparison: 

− Arithmetical comparison; 
− Frequency comparison; 
− Interval comparison. 
Arithmetical comparison can be applied to two tuples 

1a  and 2a , where 
1

1
1

1 1

1

n

i i
a a


  and 

2

2
2

2 2

1

n

i i
a a


 , if 

1

1
ia M  and 

2

2
ia M . Arithmetical comparison is ele-

mentwise and based on the following relations: 
– Is Strictly Greater (>); 
– Is Majority-Vote Greater ( ); 
– Is Strictly Less (<); 
– Is Majority-Vote Less ( ); 
– Is Strictly Equal (=); 
– Is Majority-Vote Equal (<>). 

The relation Is Strictly Greater between two tuples 1a  

and 2a  is defined as follows: 
 

 1 2a a if 1 2
i ia a , i = [1 .. n1], n1 = n2. (2) 

 
The relation Is Majority-Vote Greater between two 

tuples 1a  and 2a  can be defined as follows.  

Let 1,2, ,N n  , where 

 

 1 1 2

2 1 2

, if ;

, if ,

n n n
n

n n n


  
 

and let pN   , qN    such as p qN N N  , 

p qN N    and p qN N . Then pp N  , 

qq N  : 
 

 1a  2 1 2 1 2if ,p p q qa a a a a  . (3) 
 

The relation Is Strictly Less between two tuples 
1a  and 2a  is defined as follows: 

 

 1 2 1 2
1 1 2if , [1.. ],i ia a a a i n n n     . (4) 

 

The relation Is Majority-Vote Less between two tu-

ples 1a  and 2a  can be defined as follows. 

Let 1,2, ,N n  , where 

 

 1 1 2

2 1 2

, if

, if

n n n
n

n n n


  
, 

 
and let pN   , qN    such as p qN N N  , 

p qN N   and p qN N . Then pp N  , 

qq N  : 
 

 1a  2 1 2 1 2if ,p p q qa a a a a  . (5) 
 

The relation Is Strictly Equal between two tuples 
1a  and 2a  is defined as follows: 
 

 1 2 1 2
1 1 2if , [1.. ],i ia a a a i n n n     . (6) 

 

The relation Is Majority-Vote Equal between two tu-

ples 1a  and 2a  can be defined as follows. 

Let 1,2, ,N n  , where 
 

 1 1 2

2 1 2

, if ;

, if ,

n n n
n

n n n


  
 

 
and let eN   , pN   , qN    such as 

p q eN N N N  , p q eN N N     and 

e pN N , p qN N . Then pp N  , qq N  , 

ee N  : 
 

 1 2 1 2 1 2 1 2if , ,p p q q e ea a a a a a a a    . (7) 
 

Let us consider the following tuples: 
 

1 1 1 1 1
1 2 3 4, , , 11,9,11,18a a a a a  ; 

2 2 2 2 2
1 2 3 4, , , 2,7, 4,10a a a a a  ; 
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3 3 3 3 3 3
1 2 3 4 5, , , , 7,19, 4,10,8a a a a a a= = ; 

4 4 4 4 4
1 2 3 4, , , 11,9,11,18a a a a a= = ; 

5 5 5 5 5 5
1 2 3 4 5, , , , 14,9,11,10,8a a a a a a= = . 

 
Then we can establish the fact of the following arith-

metical relations between these tuples: 
 

 1 2a a> ;  1a � 3a ;  2 4a a< ; 

 3a � 4a ; 1 4a a= ; 1 5a a<> . 
 

Frequency comparison can be applied to two tuples 
1a∀  and 2a∀  where 

1

1 1

1 1
1

n

i i
a a

=
=  and 

2

2 2

2 2
1

n

i i
a a

=
= . 

Frequency comparison is based on the following rela-
tions: 

– Is Thicker ( ); 
– Is Rarer ( ); 
– Is Equally Frequent ( ). 

The relation Is Thicker between two tuples 1a  and 
2a  is defined as follows: 
 

 1 2 1 2ifa a a a>� . (8) 

The relation Is Rarer between two tuples 1a  and 2a  
is defined as follows: 

 

 1 2 1 2ifa a a a<� . (9) 

 
The relation Is Equally Frequent between two tuples 

1a  and 2a  is defined as follows: 
 

 1 2 1 2~ ifa a a a= . (10) 
 

Thus, if there are three tuples: 
 

1 1 1 1 1 1
1 2 3 4 5, , , , 14,9,15,18,6a a a a a a= = ; 

2 2 2 2 2
1 2 3 4, , , 2,7,4,10a a a a a= = ; 

3 3 3 3 3 3
1 2 3 4 5, , , , 7,19,4,10,8a a a a a a= = . 

 

Then 1 2 2 3 1 3; ; ~a a a a a a� � . 
 
To define how much thicker or how much rarer is a 

certain tuple in comparison with another tuple, we intro-
duce a frequency measure which can be calculated as 
follows: 

 

1

2

a

a
η = . (11) 

 

For example, for tuples 1a , 2a  and 3a  given above: 
12 23 131.25; 0.8; 1η = η = η = . 

Interval comparison can be applied to two tuples 1a  

and 2a , where 
1

1 1

1 1
1

n

i i
a a

=
=  and 

2

2 2

2 2
1

n

i i
a a

=
= , if 

1

1
ia M∈  and 

2

2
ia M∈ . Interval comparison [6] is based 

on relations of Allen’s Interval Algebra. However, it has 
a significant difference from Allen’s Interval Algebra in 
that it operates with discrete intervals. Let us define this 
notion and introduce the compact notation for relations 
between discrete intervals. 

Definition 2. A discrete interval is a tuple, elements of 
which are unique values ordered either in ascending or in 
descending order. 

The relation Is Before between two discrete intervals 
1a  and 2a  is defined as follows: 
 

 
1

1 2 1 2
1if na a a a← < . (12) 

 

The relation Is After between two discrete intervals 
1a  and 2a  is defined as follows: 

 

 
2

1 2 1 2
1if na a a a→ > . (13) 

 
The relation Coincides With between two discrete in-

tervals 1a  and 2a  is defined as follows: 
 

 
1 2

1 2 1 2 1 2
1 1 1 2if , andn na a a a a a n n↔ = = = . (14) 

 

Note that this relation does not fully correspond to re-
lation Equal of Allen’s Interval Algebra because in ASA 
we deal with discrete intervals, thus, two discrete inter-
vals can coincide in the first and last values, but other 
values can be unequal. For example, if we have two tu-
ples 2,3,8,10  and 2,5,6,10 , their discrete intervals 
coincide but are unequal. 

The relation Meets between two discrete intervals 1a  

and 2a  is defined as follows: 

 1a
1

2 1 2
1if na a a= . (15) 

The relation Is Met By between two discrete intervals 
1a  and 2a  is defined as follows: 
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 1a
2

2 2 1
1if na a a= . (16) 

The relation Overlaps between two discrete intervals 
1a  and 2a  is defined as follows: 

 1a
1 2 1

2 1 2 1 2 2 1
1 1 1if and andn n na a a a a a a< < < . (17) 

The relation Is Overlapped By between two discrete 

intervals 1a  and 2a  is defined as follows: 

 1a
2 1 2

2 2 1 2 1 1 2
1 1 1if and andn n na a a a a a a< < < . (18) 

The relation During between two discrete intervals 
1a  and 2a  is defined as follows: 

 1a
1 2

2 1 2 1 2
1 1if and n na a a a a> < . (19) 

The relation Contains between two discrete intervals 
1a  and 2a  is defined as follows: 

 1a
1 2

2 1 2 1 2
1 1if and n na a a a a< > . (20) 

The relation Starts between two discrete intervals 1a  

and 2a  is defined as follows: 

 1a
1 2

2 1 2 1 2
1 1if and n na a a a a= < . (21) 

The relation Is Started By between two discrete inter-

vals 1a  and 2a  is defined as follows: 

 1a
1 2

2 1 2 1 2
1 1if and n na a a a a= > . (22) 

The relation Finishes between two discrete intervals 
1a  and 2a  is defined as follows: 

 1a
1 2

2 1 2 1 2
1 1if and n na a a a a> = . (23) 

The relation Is Finished By between two discrete in-

tervals 1a  and 2a  is defined as follows: 

 1a
1 2

2 1 2 1 2
1 1if and n na a a a a< = . (24) 

Relations between aggregates consist of relations be-
tween sets of aggregates and relations between tuples of 
aggregates. 

Relations between sets of aggregates are 
Is Equivalent ( ), Includes ( ), Is Included ( ). 

The result of these relations depends of the aggregates 
compatibility [4, 5]. Let us consider aggregates A1, A2, 
A3, A4, A5, and A6 defined according to (1): 

A1 = 
11

1

1 1

1 1
1 2

1 1
, , , | , ,

N

N
N

nn
N i ii i

M M M a a
= =

… … , 

A2 = 
22

1

1 1

2 2
1 2

1 1
, , , | , ,

N

N
N

nn
N i ii i

M M M a a
= =

… … , 

A3 = 
33

1

1 1

3 3 3 3
1 2

1 1
, , , | , ,

S

S
S

nn
S i ii i

M M M a a
= =

… … , 

 A4 = 
44

1

1 1

4 4 4 4
1

1 1
, , | , ,

W

W
W

nn
W i ii i

M M a a
= =

… … , (25) 

A5 = 
55
21

1 21 2

5 5
1 2

1 1
, | ,

i

nn

i ii i
M M a a

= =
, 

A6 = 
66
12

2 12 1

6 6
2 1

1 1
, | ,

i

nn

i ii i
M M a a

= =
. 

Thus, compatibility of the aggregates in (25) is as fol-
lows: A1  A2; A1 �  A3; A1 �  A5; A2 �  A5; A1  A4; 
A1 ( ) A5. 

Then relations between sets of these aggregates are: 
1 2{ } { }A A≡ ; 1 5{ } { }A A⊃ ; 5 2{ } { }A A⊂ . 
The rest of aggregates do not have these relations be-

tween their sets. It can be indicated by using negation:  

{A1}  {A3}; {A4}  {A5}; {A3}  {A6}. 

Let us note that in spite of that {A1} ⊅ {A3} the sets 
of these aggregates have common set M1. To establish 
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this fact formally, we can employ logical operation Inter-
section [4]: 1 3 1{ } { }∩ =A A M  or more formally 

1 3{ } { }∩ ≠ ∅A A . 
Let us formulate relations between sets for any two 

aggregates. 
The relation Is Equivalent between two aggregates A1 

and A2 can be defined as: 

 {A1} ≡ {A2} if A1  A2. (26) 

The relation Includes between two aggregates A1 and 
A2 can be defined as: 

 1 2 1{ } { } ifA A A⊃ 2 1 2andA A A>  

 2 1 1 1and { } , , , , , { }K KA M M M M A= ∈… … . (27) 
The relation Is Included between two aggregates A1 

and A2 can be defined as: 

 1 2 1{ } { } ifA A A⊂ 2 1 2andA A A<  

 1 1 1 2and { } , , , , , { }K KA M M M M A= ∈… … . (28) 
Relations between tuples of aggregates are identical to 

relations between single tuples defined above relations of 
three types: 

– Arithmetical relations; 
– Frequency relations; 
– Interval relations. 
However, possibility of their application depends of 

the aggregates compatibility: relations between tuples can 
be established only for compatible and quasi-compatible 
aggregates.  

Hiddenly compatible aggregates must be first trans-
formed to compatible [5] and then a relation between 
tuples can be considered. 

Let us also note that if tuples to be a subject of inter-
val comparison are not discrete intervals (see Definition 
2), at first, they must be sorted by using operator Sorting 
[5] and next they can be compared. 

Relations between tuples of aggregates can be estab-
lished with evident indication of the tuples to be com-
pared: 

 1
1( )A a 1

2 ( )A a ;   2
1( )A a 2

2 ( )A a . 

If a certain relation is true for several tuples, it can be 
indicated in the following way: 

 1 2 1 2
1 2( , ) ( , )A a a A a a� . 

 

If a relation is established for all tuples, it can be de-
clared as follows: 
 1 2A A= . 

Let us give several examples. At first, we consider 
two aggregates A1, A2 such as A1 A2: 

 
A1 = 1 2 3, , | 3, 4,8,9 , 3,1,16,12 , 48,13a bM M M , 

A2 = 1 2 3, , | 1,5,7,8 , 8,10,11,12 , 12,15a bM M M . 
 

The following relations can be established between 
these aggregates: 

 
1

1 2 1 2 1{ } { }; ~ ; ( )A A A A A a≡ � 1
2 ( )A a . 

 
Next, let us consider two aggregates A3, A4 (A3 �  A4): 

A1 = 1 2, | 8,10,11,12 , 17,31a bM M , 

A2 = 1 2 4, , | 2, 4,8 , 5,7, 2,6,1a bM M M . 
These aggregates can be compared by using the fol-

lowing relations: 

1
3 4 3{ } { }; ( )A A A a⊂ 1

4 ( ) .A a  

In all examples given above we operate with integer 
elements, but any other data types can be handled in a 
similar way. 

Besides both relations between aggregates and rela-
tions between their components, we consider relations 
between multi-images. 

 
Definition 3. A multi-image is a non-empty aggregate 
such as: 
 
 I = 1 1, , , | , , ,τa … …NT M M t t   

 
1

1 1
1 1, , , , , ,… … … b

N

N N
n na a a a , (29) 

 
where T is a set of time values; , [1, , ]in i Nτ ≥ ∈ … . 

Since a multi-image, by definition, includes a tuple of 
time values as the first tuple, let us formulate the follow-
ing lemma. 

Lemma 1. If I1 and I2 are multi-images, then I1 �  I2. 
Since compatibility is a special case of quasi-

compatibility, let us state Lemma 2 which follows from 
Lemma 1. 

Lemma 2. 1I∃  and 2I∃  such as I1  I2. 
These lemmas allow us to conclude that all types of 

relations defined in ASA can be used for any set of multi-
images. 

Let us employ this theoretical background for solving 
practical tasks. 
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4 EXPERIMENTS 
Let us consider the following discrete intervals: 

1 1 1 1
1 2 3, , 1,3, 4a a a a= = ; 

2 2 2 2 2 2
1 2 3 4 5, , , , 8,9,12,13,16a a a a a a= = ; 

3 3 3 3 3
1 2 3 4, , , 1,3,5,6a a a a a= = ; 

4 4 4 4 4
1 2 3 4, , , 8,10,14,16a a a a a= = ; 

5 5 5 5 5 5 5
1 2 3 4 5 6, , , , , 2,4,5,6,7,8a a a a a a a= = ; 

6 6 6 6
1 2 3, , 6,8,10a a a a= = ; 

7 7 7 7 7 7
1 2 3 4 5, , , , 5,7,10,15,18a a a a a a= = ; 

8 8 8 8 8
1 2 3 4, , , 8,10,11,12a a a a a= = ; 

9 9 9 9 9 9
1 2 3 4 5, , , , 5,7,12,15,16a a a a a a= = ; 

10 10 10 10
1 2 3, , 4,7,8a a a a= = . 

Then, we can establish the fact of the following inter-
val relations between these tuples (Fig. 1): 

1a ← 2a ;  2a → 3a ;  2a ↔ 4a ;  5a ↤ 2a ; 

4a 5a ;  3a 5a ;  5a 6a ;  6a 7a ; 

 7a 2a ;  1a 3a ;  2a 8a ;  4a 9a ;  5a 10a . 

Now let us solve the task related to health care. There 
are two patients whose health status was being monitored 
during a month by using several digital sensors: ther-
mometer, pulsometer, and sphygmomanometer.  

Four parameters, namely, temperature, pulse rate, sys-
tolic pressure and diastolic pressure values were being 
measured in the first patient and only two parameters 
(temperature and pulse rate) were being measured for the 
second patient.As a result of the monitoring, several data 
sequences have been obtained and composed as two 
multi-images: by one multi-image for each patient. 

Our task is to compare these multi-images in order to 
let doctors conclude on comparative health status of two 
patients. 

The data obtained from sensors belong to the follow-
ing data sets:  

[35.0, ,39.9]tM = …  is a set of temperature values (°C);  
[50, ,110]pM = …  is a set of pulse values (bpm); 

[80, ,190]spM = …  is a set of systolic pressure values 
(mmHg);  

[55, ,100]dpM = …  is a set of diastolic pressure values 
(mmHg). 

There is also T = [1, …, 31] which is a set of time 
values (days of a month). 

Let the data collected from sensors during the moni-
toring process of the first patient’s health status be as 
follows: 

 

1

1

1

1

1

2,3,7,11,14,20 ;

36.4,36.1,36.3,36.2,36.5,36.3 ;

75,76,74,76,75,75 ;

185,166,175,166,171,152 ;

66,70,70,68,71,72 .

t

p

sp

dp

t

d

d

d

d

=

=

=

=

=

 

Then the obtained multi-image of the first patient’s 
health status is: 

I1 = 1 1 1 1 1, , , , | , , , ,a bt p sp dp t p sp dpT M M M M t d d d d = 

= , , , , | 2,3,7,11,14, 20 ,a t p sp dpT M M M M  

36.4,36.1,36.3,36.2,36.5,36.3 , 75,76,74,76,75,75 ,  

185,166,175,166,171,152 , 66,70,70,68,71,72 b . 
Also let the data collected from sensors during the 

monitoring process of the second patient’s health status 
be as follows: 

 

2

2

2

2,7,12,16, 20 ;

36.8,36.6,36.3,36.4,37.0 ;

72,81,76,93,97 .

t

p

t

d

d

=

=

=

 

Then the obtained multi-image of the second patient’s 
health status is as follows: 

I2 = 2 2 2, , | , ,a bt p t pT M M t d d = 

= , , | 2,7,12,16,20a bt pT M M = 

= 36.8,36.6,36.3,36.4,37.0 , 72,81,76,93,97a b . 
 

5 RESULTS 
We can establish the following relations between 

these multi-images: 
 

 {I1}  ⊃ {I2}, (30) 
 1 2( ) ( )I t I t↔ , (31) 

 1 2I I� , (32) 

 1( )tI a � 2 ( )tI a , (33) 

  1( )pI a↑ 2 ( )pI a↑ .               (34) 
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(a) Relation Is Before 

 
(b) Relation Is After 

 
(c) Relation Coincides With 

 
(d) Relation Meets 

 
(e) Relation Is Met By 

 
(f) Relation Overlaps 

 
(g) Relation Is Overlapped By 

 
(h) Relation During 

 
(i) Relation Contains 

 
(j) Relation Starts 

 
(k) Relation Is Started By 

 
(l) Relation Finishes 

 
(m) Relation Is Finished By 

Figure 1 – Relations between discrete intervals 
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The relations (30), (31), and (32) give general com-
paration of multi-images and allow us to conclude that 
some of measurements in both aggregates belong to the 
same data sets and, therefore, they can be compared 
({I1} ⊃  {I2}); data have been measured at the same pe-
riod of time ( 1 2( ) ( )I t I t↔ ); the first multi-image 

provides us with large amount of data ( 1 2I I� ).  
The relations (33) and (34) enable comparison of pa-

tients’ health status: in most cases the second patient had 
higher temperature ( 1( )tI a � 2 ( )tI a ); the heart rate 

of the first patient was more stable because spread of val-
ues is less in the corresponding tuple of the first multi-

image ( 1( )pI a↑ 2 ( )pI a↑ , where  means that 

each tuple has been sorted in ascending order [5] before 
interval comparison). 

These relations are supposed to be applied to logical 
rules used in data analysis software which can be devel-
oped by employing a domain-specific programming lan-
guage such as ASAMPL [6]. 

 

6 DISCUSSION 
The proposed theoretical approach has been realized 

for multimodal data processing by using programming 
language ASAMPL. The experiments showed that the 
proposed approach of timewise aggregated data process-
ing enables considerable decreasing of the code size 
(Fig. 2).  

 
Figure 2 – ASAMPL program code comparison 

To allow the work with program code in ASAMPL, 
the software tools for ASAMPL program code compila-
tion and execution have been developed. They include the 
complier [15] and the integrated development environ-
ment (IDE) [16]. The developed ASAMPL compiler en-
ables lexical analysis, parsing, and interpretation of the 
program code. The compiler is interconnected with the 
IDE. The developed ASAMPL IDE allows a programmer 
to develop code in programming language ASAMPL and 
debug it by analyzing the syntax errors. The developed 
IDE simplifies the work on a program code development 
by allowing the user to edit it in the full-fledged text edi-
tor with the functions of automatic code completion, color 
highlighting of key words, compiling and running devel-
oped programs. Fig. 3 shows the program code analysis 
and compilation process in ASAMPL IDE. 

 
CONCLUSIONS 

The Algebraic System of Aggregates provides the 
theoretical background for timewise multimodal data 
processing. In particular, it defines relations between tu-
ple elements, tuples, and aggregates. This set of relations 
enables wide range of algorithms of processing the com-
plex data structures such as multi-images.  

 
Figure 3 – ASAMPL program code in the IDE 
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A multi-image is a complex representation of multiple 
data sets describing an object (subject, process) of obser-
vation which are obtained (measured, generated, re-
corded) in the course of time. Thus, the relations defined 
in ASA enable processing of complex data structures pre-
sented as multi-images in data modelling, prediction and 
other tasks. 

To allow data processing with respect to time scale, 
discrete intervals can be employed. A discrete interval is a 
tuple of time values. In the paper, we show how relations 
for discrete intervals comparison can be used for solving 
practical tasks. Besides, we present the software tools 
which can be used for practical implementation of the 
given theoretical approach by employing the domain-
specific language ASAMPL. 

The scientific novelty of the obtained results consists 
in the development of a new mathematical approach to 
timewise multimodal data processing which differs from 
the theory of sets by both including the feature of ordering 
and introducing new relations between elements, tuples, 
and complex mathematical structures called aggregates. 

The practical significance of the proposed approach 
consists in simplification of timewise multimodal data 
processing and minimisation of requirements to comput-
ing resources. 

Prospects for further research are to develop meth-
ods and algorithms of multimodal data processing based 
on ASA, including methods and algorithms of dynamic 
synchronization and aggregation. 
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УДК 004.6 
 
ОБРОБЛЕННЯ МУЛЬТИМОДАЛЬНИХ ДАНИХ ЗА ДОПОМОГОЮ ВІДНОШЕНЬ АЛГЕБРАЇЧНОЇ СИСТЕМИ 

АГРЕГАТІВ 
Сулема  Є.С. – канд. техн. наук, доцент кафедри програмного забезпечення комп’ютерних систем Національного тех-

нічного університету України «Київський політехнічний інститут імені Ігоря Сікорського», Київ, Україна. 
 

AНОТАЦІЯ 
Актуальність. В багатьох інженерних задачах, пов’язаних з необхідністю моніторингу змін характеристик об’єкта, 

суб’єкта або процесу спостереження, є потреба у обробленні мультимодальних даних, що реєструються зі встановленням 
моменту часу їх вимірювання. У цій статті автор представляє новий підхід до вирішення задачі часового оброблення струк-
тур мультимодальних даних, який дозволяє спростити оброблення таких даних за рахунок використання математичного 
апарата алгебраїчної системи агрегатів й тим самим зменшити вимоги, що висуваються до обчислювальних ресурсів. Алге-
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браїчна система агрегатів оперує такими специфічними структурами даних як агрегати, мультиобрази та дискретні інтерва-
ли. Метою цієї роботи є формалізація відношень меж базовими математичними об’єктами, що визначені в алгебраїчній сис-
темі агрегатів, а саме, елементами, кортежами та агрегатами, а також структурами даних, які ґрунтуються на цих математи-
чних об’єктах, а саме, дискретними інтервалами та мультиобразами, що дозволить виконувати ефективне оброблення муль-
тимодальних даних, що визначені з урахуванням часу їх реєстрації. 

Метод. Дослідження, результати якого представлені у цій статті, ґрунтується на використанні основних положень алге-
браїчної системи агрегатів та концепції мультиобразу, які дозволяють спростити оброблення структур мультимодальних 
даних, що визначені у часі. Носієм алгебраїчної системи агрегатів є множина структур даних, що називають агрегатами. 
Агрегат являє собою кортеж кортежів, елементи яких належать наперед визначеним множинам. В алгебраїчній системі аг-
регатів визначені логічні операції, операції впорядкування та арифметичні операції над агрегатами. Мультиобразом назива-
ють непорожній агрегат, перший кортеж якого є кортежом значень часу. Такий кортеж часових міток являє собою дискрет-
ний інтервал. Для оброблення дискретних інтервалів та мультиобразів в алгебраїчній системі агрегатів визначено множину 
відношень. Ця множина включає відношення між елементами кортежів, відношення між кортежами та відношення між аг-
регатами. Зокрема, відношення між кортежами дозволяють виконувати арифметичне порівняння, частотне порівняння та 
інтервальне порівняння. Математичний апарат алгебраїчної системи агрегатів може використовуватись як для комплексного 
подання мультимодальних характеристик об’єкта (суб’єкта, процесу) дослідження, так і для подальшого оброблення цих 
даних, зв’язаних з часовими мітками і поданих у вигляді мультиобразу. 

Результати. У статті розроблено та представлено новий підхід до оброблення мультимодальних даних, зокрема, дискре-
тних інтервалів та мультиобразів, який ґрунтується на відношеннях, що визначені в алгебраїчній системі агрегатів. Наведе-
но приклади практичного застосування розробленого підходу. 

Висновки. Результати, що отримані у цьому досліджені, дозволяють зробити висновок про те, що відношення, які ви-
значені в алгебраїчній системі агрегатів, можуть бути застосовані для оброблення складних структур даних, що мають назву 
мультиобрази, в задачах аналізу даних, моделювання, прогнозування тощо. Для оброблення даних, що визначені у прив’язці 
до деякої шкали часу, можуть застосовуватись цифрові інтервали. У статте автор демонструє, як відношення для порівняння 
цифрових інтервалів можуть використовуватись для вирішення практичних задач. Крім того, автор представляє програмні 
інструменти, які можуть бути застосовані для практичної реалізації запропонованого теоретичного підходу з використанням 
спеціалізованої мови програмування ASAMPL.  

КЛЮЧОВІ СЛОВА: оброблення мультимодальних даних, агрегат, мультиобраз, дискретний інтервал. 
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ОБРАБОТКА МУЛЬТИМОДАЛЬНЫХ ДАННЫХ С ИСПОЛЬЗОВАНИЕМ ОТНОШЕНИЙ АЛГЕБРАИЧЕСКОЙ 

СИСТЕМЫ АГРЕГАТОВ 
Сулема Е. С. – канд. техн. наук, доцент кафедры программного обеспечения компьютерных систем Национального 

технического университета Украины «Киевский политехнический институт имени Игоря Сикорского», Киев, Украина. 
 

AННОТАЦИЯ 
Актуальность. Во многих инженерных задачах, связанных с необходимостью мониторинга изменений характеристик 

объекта, субъекта или процесса наблюдения, требуется осуществлять обработку мультимодальных данных, регистрируемых 
с установлением момента времени их измерения. В данной статье автор представляет новый подход к решению задачи вре-
менной обработки структур мультимодальных данных, который позволяет упростить обработку таких данных за счет 
использования математического аппарата алгебраической системы агрегатов и тем самым уменьшить требования, 
предъявляемые к вычислительным ресурсам. Алгебраическая система агрегатов оперирует такими специфическими 
структурами данных как агрегаты, мультиобразы и дискретные интервалы. Целью данной работы является формализация 
отношений между базовыми математическими объектами, определенными в алгебраической системе агрегатов, такими как 
элементы, кортежи и агрегаты, а также структурами данных, основанными на этих математических объектах, а именно 
дискретными интервалами и мультиобразами, что позволит осуществлять эффективную обработку мультимодальных 
данных, определенных с учетом времени их регистрации. 

Метод. Исследование, результаты которого представлены в данной статье, основано на использовании основных поло-
жений алгебраической системы агрегатов и концепции мультиобраза, которые упрощают обработку мультимодальных дан-
ных, представленных во времени. Носителем алгебраической системы агрегатов является множество структур данных, на-
зываемых агрегатами. Агрегат представляет собой кортеж кортежей, элементы которых принадлежат предопределенным 
множествам. В алгебраической системе агрегатов определены логические операции, операции упорядочения и арифметиче-
ские операции над агрегатами. Мультиобразом называется непустой агрегат, первый кортеж которого является кортежем 
значений времени. Такой кортеж временных меток представляет собой дискретный интервал. Для обработки дискретных 
интервалов и мультиобразов в алгебраической системе агрегатов определено множество отношений. Это множество вклю-
чает отношения между элементами кортежей, отношения между кортежами и отношения между агрегатами. В частности, 
отношения между кортежами позволяют осуществлять арифметическое сравнение, частотное сравнение и интервальное 
сравнение. Этот математический аппарат может использоваться как для комплексного представления мультимодальных 
характеристик объекта (субъекта, процесса) исследования, так и последующей обработки этих данных, связанных со вре-
менными метками и представленных в виде мультиобраза. 

Результаты. В статье разработан и представлен новый подход к обработке мультимодальных данных, в частности, дис-
кретных интервалов и мультиобразов, основанный на отношениях, которые определены в алгебраической системе агрега-
тов. Приведены примеры практического использования разработанного подхода.  
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Выводы. Результаты, полученные в данном исследовании, позволяют сделать вывод о том, что отношения, определен-
ные в алгебраической системе агрегатов, могут быть использованы для обработки сложных структур данных, называемыми 
мультиобразами, в задачах анализа данных, моделирования, прогнозирования и других. Для обработки данных, определен-
ных в привязке к некоторой шкале времени, могут использоваться цифровые интервалы. В статье автор показывает, как 
отношения для сравнения цифровых интервалов могут использоваться для решения практических задач. Кроме того, автор 
представляет программные инструменты, которые могут быть использованы для практической реализации данного теоре-
тического подхода с использованием специализированного языка программирования ASAMPL.  

КЛЮЧЕВЫЕ СЛОВА: обработка мультимодальных данных, агрегат, мультиобраз, дискретный интервал. 
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