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ABSTRACT 
Context. Some of the authors’ recent papers were devoted to the Kolmogorov-Wiener filter for telecommunication traffic predic-

tion in some stationary models, such as the fractional Gaussian noise model, the power-law structure function model, and the GFSD 
(Gaussian fractional sum-difference) model. Recently, the so-called generalized fractional Gaussian noise model was proposed for 
stationary telecommunication traffic description in some cases. So, in this paper the theoretical fundamentals of the continuous Kol-
mogorov-Wiener filter used for the prediction of the generalized fractional Gaussian noise are investigated. 

Objective. The aim of the work is to obtain the filter weight function as an approximate solution of the corresponding Wiener–
Hopf integral equation with the kernel equal to the generalized fractional Gaussian noise correlation function. 

Method. A truncated Walsh function expansion is proposed in order to obtain the corresponding solution. This expansion is a 
special case of the Galerkin method, in the framework of which the unknown function is sought as a truncated series in orthogonal 
functions. The integral brackets and the results for the mean absolute percentage errors, which are a measure of discrepancy between 
the left-hand side and the right-hand side of the Wiener-Hopf integral equation, are calculated numerically on the basis of the Wolf-
ram Mathematica package.  

Results. The investigation is made for approximations up to sixty four Walsh functions. Different model parameters are investi-
gated. It is shown that for different model parameters the proposed method is convergent and leads to small mean absolute percent-
age errors for approximations of rather large numbers of Walsh functions. 

Conclusions. The paper is devoted to a theoretical construction of the continuous Kolmogorov-Wiener filter weight function for 
the prediction of a stationary random process described by the generalized fractional Gaussian noise model. As is known, this model 
may give a good description of some actual telecommunication traffic data in systems with packet data transfer. The corresponding 
weight function is sought on the basis of the truncated Walsh function expansion method. The corresponding discrepancy errors are 
small and the method is convergent.  

KEYWORDS: continuous Kolmogorov-Wiener filter, weight function, Galerkin method, Walsh functions, generalized frac-
tional Gaussian noise, telecommunication traffic. 

 
ABBREVIATIONS 

GFGN is a generalized fractional Gaussian noise; 
FGN is a fractional Gaussian noise; 
GFSD is Gaussian fractional sum-difference; 
MAPE is a mean absolute percentage error. 

 
NOMENCLATURE 

T  is a time interval on which the input process data 
are observed; 

z  is a time interval for which the forecast should be 
made; 

( )h t  is the Kolmogorov-Wiener filter weight function; 

H  is the Hurst exponent; 
( )R t  is a traffic correlation function in the GFGN 

model; 
(0,1]a  is a GFGN model parameter; 

  is a traffic standard deviation; 
n  is a number of Walsh functions in the correspond-

ing approximations; 

sg  are coefficients multiplying the Walsh functions; 
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wal ( )s t  are the Walsh functions in the Walsh numera-

tion orthogonal on [0, ]t T ; 

Left( )t  is the left-hand side of the Wiener-Hopf inte-

gral equation; 
Right( )t  is the right-hand side of the Wiener-Hopf in-

tegral equation; 

ksG  are integral brackets; 

kB  are free terms in the linear system of algebraic 

equations in sg ; 
( )n

lsW  аre values of the Walsh functions in correspond-

ing points; 

lsV , sQ  are auxiliary integrals.  

 
INTRODUCTION 

The problem of traffic prediction is very important for 
telecommunications, see the corresponding description in 
[1, 2]. 

Our recent papers were devoted to such a simple ap-
proach as the Kolmogorov-Wiener filter for stationary 
traffic prediction. For example, in our recent paper [3] it 
is shown that both the continuous and the discrete Kоl-
mogorov-Wiener filter may be applicable to the predic-
tion of smoothed heavy-tail data similar to FGN which 
may describe telecommunication traffic in systems with 
data packet transfer.  

Recently Ming Li proposed a GFGN model for sta-
tionary traffic description [4]. The theoretical fundamen-
tals of the Kolmogorov-Winer filter construction for traf-
fic in the GFGN model are still to be investigated, so this 
paper is devoted to the corresponding investigation. 

The object of study is the Kolmogorov-Wiener filter 
for the prediction of continuous stationary telecommuni-
cation traffic in the GFGN model. 

The subject of study is the weight function of the 
corresponding filter. 

The aim of the work is to obtain the weight function 
on the basis of the truncated Walsh function expansion 
method. 

 
1 PROBLEM STATEMENT 

The weight function under consideration obeys the 
following Wiener-Hopf integral equation, see, for exam-
ple, [5]: 

 

     
0

T

d h R t R t z       (1)

 
where the traffic correlation function in the GFGN model 
is as follows [4]: 
  

   
2 22 21 1 2

2

HHa a aHR t t t t
 

     
 

. (2)

 

It should be stressed that in the case where 1a   the 
GFGN model coincides with the FGN model. 

The problem statement is as follows: to obtain the un-
known filter weight function as an approximate solution 
of equation (1) with the correlation function (2) on the 
basis of the truncated Walsh function expansion method. 
 

2 REVIEW OF THE LITERATURE 
There are a variety of different and rather sophisti-

cated approaches to traffic prediction, see, for example, 
[6–8]. Our recent papers were devoted to the Kolmo-
gorov-Wiener filter approach. For example, the theoreti-
cal fundamentals of the weigh function construction were 
investigated for the power-law structure function model 
[9], for the FGN model [10], and for the GFSD model 
[11]. Telecommunication traffic in the systems with data 
packet transfer nowadays is treated as a heavy-tail random 
process, see, for example, [12–14] and references therein. 
In [3], the applicability of the Kolmogorov-Wiener filter 
to the prediction of smoothed heavy-tail data is shown. 

In [4], the so-called GFGN model for traffic descrip-
tion is proposed. For example, in [4] it is stressed that 
such a model gives a good description of the experimental 
traffic data recorded by the Bellcore in 1989, recorded by 
the Digital Equipment Corporation in 1995, and recorded 
by the Measurement and Analysis on the Working Group 
Traffic Archive in 2019. 

Any theoretical construction of the continuous Kol-
mogorov-Wiener filter for the prediction of a process de-
scribed by the GFGN model is still to be done. So, the 
aim of this paper is to obtain the corresponding filter 
weight function.  

The corresponding investigation is made in the 
framework of the Galerkin method [15] on the basis of a 
Walsh function expansion. The Walsh functions in the 
Walsh numeration are used, see [16].  

    
3 MATERIALS AND METHODS 

The unknown weight function is sought in the form 
 

   
1

wal
n

s s
s

h g


   , (3)

 
which on substitution into (1) followed by integration 
leads to the following matrix expression for the unknown 
coefficients sg  (see similar expressions, for example, in 

[11]): 
 

1
1 11 12 1 1

2 21 22 2 2
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where 
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0 0

wal wal
T T

ks k sG d dt t R t      , 

   
0

wal
T

k kB dt t R t z  . 

(5)

 
Similarly to [16], it may be shown that  

 

( ) ( )

, 1

n
n n

jk lsjl ks
l s

G W W V


   (6)

 
where 
 

 ( ) 2 1
wal

2
n

jjl
l T

W
n

 
  

 
,  

 
  1 1

lT sT

n n

ls
l T s T

n n

V dtd R t
 

     . 

(7)

Similarly to [16], it may be shown that 
 

1, 1ls l sV V   , ls slV V ,  jk kjG G , (8)

 

so only the quantities 1lV , 1,l n  should be calculated on 

the basis of the integration (7), while all the other quanti-
ties lsV  may be calculated on the basis of (8) with account 

for calculated results for 1lV . The corresponding analyti-

cal calculation may meet difficulties, so the following 
approximate expressions were used: 
 

 
 

  3 3
1

,10

10 10

T lT

n n

l
i jl T

n

V dtd R t R i j  


         , 

3 30.1 10 ,2 10 ,...i     , and so on while i T n , 

     3 31 1 1
, 1 10 , 2 10 ,...

l T l T l T
j

n n n
   

     , 

and so on while j lT n . 

(9) 

  
The idea of (9) is that the square region  0,T n , 

 1 ,t l T n lT n     is divided into small squares with a 

side equal to 310 . Of course, such a calculation is valid 

only if 310T n  , but this inequality holds in the 

framework of the numerical calculations made in this 
paper. 

Similarly to [16], it may be shown that  
 

( )

1

n
n

k sks
s

B W Q


   (10)

where 
 

 
 1

sT n

s
s T n

Q dtR t z


  . (11)

 
The integrals sQ  are calculated in the Wolfram 

Mathematica package by direct integral calculation. 
So, the quantities 1lV  are calculated on the basis of 

(9), all the other quantities lsV  are calculated from 1lV  on 

the basis of (8), and the corresponding integral brackets 

jkG  are calculated on the basis of (6) with account for (7) 

and (8). The coefficients kB  are calculated on the basis of 

(10) with account for (11). Then the unknown coefficients 

sg  are calculated on the basis of (4), and the unknown 

weight function is obtained on the basis of (3). 
 

4 EXPERIMENTS 
The following values of the parameters are investi-

gated: 
 

100T  , 3z  , 0.75H  . (12)
 

The following values of the model parameters are in-
vestigated: 0.8a  , 0.4a  , and 0.08a  . The quality 
of the obtained solution for the weight function is checked 
by the calculation of the corresponding MAPE error, 
which is a measure of discrepancy between the left-hand 
side and the right-hand side of equation (1): 
 

   
 0

Left Right1
MAPE 100%

Right

T t t
dt

T t


   (13)

 

where 
 

     
0

Left
T

t d h R t     ,    Right t R t z  . (14)

 
The method of trapezoids is used for an approximate 

numerical calculation of the function Left( )t : 
 

     3

1
Left

210j

T
t h j R t j

    


  

3 310 10

T T
h j R t j

          
   

, 

 3
3 3 3

0,1 , 2 ,..., 10 1
10 10 10

T T T
j      . 

(15)

 

The MAPE is roughly estimated as 
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   , 

 2
2 2 2
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T T T
j      . 

(16)

 
Numerical results for the MAPE are given in the next 

section. 
 

5 RESULTS 
The obtained results for the MAPE are given in Ta-

ble 1. 
 
Table 1 – MAPE values (in %, rounded off to 2 significant dig-
its) for the approximation of n  Walsh functions for different 

values of the parameter a  
 0.08a   0.4a   0.8a   

2n   1.9 7.6 15 

4n   0.93 3.4 6.7 

8n   0.66 1.7 3.0 

16n   0.44 0.92 1.5 

32n   0.30 0.40 0.62 

64n   0.23 0.37 0.50 

Comparison graphs for the approximations of 64 
Walsh functions are given in Fig. 1 – Fig. 3. 

 

 
Figure 1 – Graphs of Left( )t  and Right( )t  for the approximation 

of 64 Walsh functions; 0.8a   
 

 
Figure 2 – Graphs of Left( )t  and Right( )t  for the approximation of 64 

Walsh functions; 0.4a   
 

 
Figure 3 – Graphs of Left( )t  and Right( )t  for the approximation of 64 

Walsh functions; 0.08a   
 

As can be seen, the left-hand side and the right-hand 
side of (1) are rather close.  
 

6 DISCUSSION 
As can be seen, the approximations of rather great 

numbers of the Walsh functions are accurate enough. The 
accuracy increases with the number of the Walsh func-
tions. Thus, the proposed method of solving the integral 
equation (1) is convergent for the correlation function (2).  

It should also be stressed that the corresponding ap-
proximations are rather accurate for all the three consid-
ered values of the parameter a, thus indicating that the 
proposed method works well. Of course, the estimation of 
the MAPE on the basis of (16) is rather rough, but it is 
adequate in order of magnitude. As can be seen from the 
obtained graphs, the left-hand side of the integral equation 
(1) is indeed rather close to the corresponding right-hand 
side for the approximation of 64 Walsh functions. 

The paper is devoted to a theoretical construction of 
the continuous Kolmogorov-Wiener filter weight function 
for the prediction of a stationary random process de-
scribed by the GFGN model. As indicated in [4], that 
model may give a good description of some actual tele-
communication traffic data. 

The corresponding weight function is the solution of 
the Wiener-Hopf integral equation (1). This equation is 
solved on the basis of the Galerkin method with the help 
of a truncated expansion in the Walsh functions. The 
Walsh functions in the Walsh numeration are used. The 
algorithm of the weight function derivation is described in 
detail. The quality of agreement between the left-hand 
sіde and the right-hand side of the integral equation is 
estimated by the MAPE parameter. It is shown that for a 
rather large number of Walsh functions the agreement is 
good enough, and the corresponding MAPE values are 
rather small. Graph comparisons are given to illustrate the 
fact that the corresponding left-hand side is indeed close 
to the corresponding right-hand side for the obtained solu-
tions. It is shown that the MAPE decreases with the num-
ber of Walsh functions, which justifies the convergence of 
the method. The approximations of up to 64 Walsh func-
tions are investigated. The calculations are made with the 
help of the Wolfram Mathematica package.  
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The use of a Walsh function expansion is known not 
only for integral equations, but also for variational calcu-
lus, see [17, 18]. As is known, variational calculus is 
widely used in optimal control problems, see, for exam-
ple, [19, 20]. Paper [20] is devoted to a practical electrical 
engineering problem, so the mathematics of this paper 
may be applicable in part to, for example, electrical engi-
neering problems. 
 

CONCLUSIONS 
The Kolmogorov-Wiener filter weight function for the 

prediction of continuous stationary telecommunication 
traffic in the GFGN model is calculated on the basis of 
the truncated Walsh function expansion method. Ap-
proximations up to 64 Walsh functions are investigated. 
The convergence of the method is illustrated. 

The results of this paper may be useful for the practi-
cal prediction of stationary telecommunication traffic in 
systems with data packet transfer. 

The scientific novelty of the paper is the fact that for 
the first time the Kolmogorov-Wiener filter weight func-
tion is calculated for the prediction of telecommunication 
traffic in the GFGN model. 

The practical significance is that the obtained results 
may be applied to the practical prediction of telecommu-
nication traffic in systems with data packet transfer. 

Prospects for further research are to investigate the 
Galerkin method for other orthogonal systems of func-
tions, for example, polynomial or trigonometric ones, and 
to compare the obtained MAPE  results with the results 
based on the Walsh functions. Another plan for the future 
is to generate simulated data described by the GFGN 
model and to investigate the corresponding prediction for 
them.  
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AНОТАЦІЯ 

Актуальність. Деякі з нещодавніх статей авторів присвячені фільтру Колмогорова-Вінера для прогнозування телекому-
нікаційного трафіку в деяких стаціонарних моделях, таких як модель фрактального гаусівського шуму, модель степеневої 
структурної функції та GFSD (Gaussian fractional sum-difference) модель. Нещодавно так звана модель узагальненого фрак-
тального гаусівського шуму була запропонована для опису стаціонарного телекомунікаційного трафіку в деяких випадках. 
Тож в цій статті досліджено теоретичні основи неперервного фільтра Колмогорова-Вінера, застосовного для прогнозування 
узагальненого фрактального гаусівського шуму. 

Мета роботи. Метою роботи є отримати вагову функцію фільтра як наближений розв’язок відповідного інтегрального 
рівняння Вінера-Хопфа з ядром, що дорівнює кореляційній функції узагальненого фрактального гаусівського шуму. 

Метод. Метод обірваних розвинень за функціями Волша запропоновано для отримання відповідного розв’язку. Таке ро-
звинення є частинним випадком методу Галеркіна, в рамках якого невідома функція шукається у вигляді обірваного розви-
нення за ортогональними функціями. Інтегральні дужки та результати для середньої абсолютної відсоткової помилки відхи-
лу лівої частини інтегрального рівняння Вінера-Хопфа від правої обчислені чисельно на основі пакету Wolfram Mathematica. 

Результати. Дослідження зроблене для наближень включно до наближення шістдесяти чотирьох функцій Волша. До-
сліджено різні параметри моделі. Показано, що для різних параметрів моделі запропонований метод є збіжним та призво-
дить до малих середніх абсолютних відсоткових помилок для наближень доволі великої кількості функцій Волша.  

Висновки. Статтю присвячено теоретичній побудові вагової функції неперервного фільтра Колмогорова-Вінера для 
прогнозування стаціонарного випадкового процесу, що описується моделлю узагальненого фрактального гаусівського шу-
му. Як відомо, така модель може добре описувати певні експериментальні дані в системах з пакетною передачею даних. 
Відповідна вагова функція шукається на основі обірваного розвинення за функціями Волша. Відповідні помилки відхилу є 
малими та метод є збіжним.   

КЛЮЧОВІ СЛОВА: неперервний фільтр Колмогорова-Вінера, вагова функція, метод Галеркіна, функції Волша, уза-
гальнений фрактальний гаусівський шум, телекомунікаційний трафік. 
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